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Regression Methods for
Completely Randomized Experiments
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Completely Randomized Experiment

» A leading case of a classical randomized experiment
» The number of treated units /V, is fixed

» N, units are randomly selected, from a population of /Vunits, to receive the active
treatment, with the remaining /V, assigned to the control group.

» Each unit has unit assignment probability g = /V,/ NV

» The assignment mechanism:

( N\ .. N
1 f § .+ Wi = M,
Pr(W|X, Y(0), Y(1)) = ¢ / (Nt) s t G}i) =N ;(;;V | N
t!(N — Ny)!

k 0 otherwise,

» subset of the set of possible values for W with positive probability

N
ZW,j:Nt}

Wt = {WEW
i—1
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LRC-CPPT Cholesterol Data Analysis

Table 7.1. Summary Statistics for PRC-CPPT Cholesterol Data

Variable Control (Ne =172) Treatment (N =165)

Average Sample (S.D.) Average Sample (S.D.) Min Max

Pre-treatment choll  297.1 (23.1) 297.0 (20.4) 247.0 442.0
chol?2 289.2 (24.1) 287.4 (21.4) 224.0 435.0
cholp  291.2 (23.2) 289.9 (20.4) 233.0 436.8
Post-treatment cholf  282.7 (24.9) 256.5 (26.2) 167.0 427.0
chold —8.5 (10.8) —334 (21.3) —113.3 295
comp 74.5 (21.0) 59.9 (24.4) 0 101.0

Y W,X

Thinking: why do we need placebo?
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Is a Covariate Useful?

Leading terms of the variance mmmss) Reduce them can reduce the variance

4 4
Theorem 6.2 7The sampliné varic:;nce of T — ??bs — ?Ebs is
2 2 2
bs —obs S S S
\% (?0__Y )zz_g Or P
S > Ne TN TN
va;iance of Y(0) in the finite population varianTce of the unit-level treatment effects in the finite population
N N
1 - v 2 1 o 74 2
2 _ , _ . V. _ _
2= §i=l:(YI(0) —Y®) . S = 7 ;-E=1 (Y:(1) — Y;(0) — (Y (1) — Y (0)))
1 N 2 N
§2 = > (Y1) —Y(D))”", _ 1 S (v . 2
N —1 i—1 — N — 1 - (Yz(l) — Y;(0) — Tfs) .

variance of Y1) in the finite population
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Is a Covariate Useful?

» Scenario A: the covariate is totally independent to the
potential outcomes

> Scenario B: the covariate is predictive to or highly
correlated with the potential outcomes (and thus, Y°%9)
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Inference of CRESs

» Fisher’ s Exact P-Values

whether there exists a non-zero unit-level causal effect?

» Neyman’ s Repeated Sampling Approach

how to estimate the average causal effect?

» Regression Methods

how covariates help estimate the average causal effect?

smoy,
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Outline

» Settings and Notations

» Linear regression with no covariates

» Linear regression with covariates

Application
» Extensions > ApPP

O Linear regression with covariates and interactions

O Testing

» Summary

RERFSGTSRHREMFER




s and Nota
[ ]
Settin ons

A)
N \
=] i —3 ﬁ%
; %
£

sm,
._-\ k- P .‘,’ “
*"ﬁ%e % ll' % *I%?
T .‘_’{::“* 5 2
e 2k i
95 g?ﬁ;*e 7
"" 1'(:' 17 &



Problem Settings
» An infinite super-population of units.

Population Sample
infinite Il,...,n

N

» The potential outcomes in the sample are random.

» Properties of the estimators are assessed by resampling
from that population, sometimes conditional on the
predictor variables including the treatment indicator.
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Notations

Tf = Z (Yi(1) — Yi(0)) 7sp = Egp [¥i(1) — Y;(0)]

te(x) = Esp Yi(0)|Xi = x], ui(x) = Egp [Yi(D|X; = x],
0'02(95) = Vsp (Yi(0)|X; =x), 0'152 (x)= Vg (Y;:(0)|X; = x),

7(x) = Ep(Yi(1) — Yi(0)|X; = x] 02(x) = Vi (Yi(1) — Yi(0)|X; = x)

He = Esp [ (X)], Kt = Esp [1:(Xi)],
o2 =B [o?(xi)} + Vip (ue(X) 0/ =Egp [af(Xf)} + Vip (X))

ux =Eg[Xi]  Qx = VX)) =Egp [(Xi — ux)' Xi — pix)]
) mmxrgitsamrEs
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LRC-CPPT Cholesterol Data Analysis

Table 7.1. Summary Statistics for PRC-CPPT Cholesterol Data Y W. X
) )
Variable Control (N =172) Treatment (Ny =165)
Average Sample (S.D.) Average Sample (S.D.) Min Max m
Pre-treatment choll 297.1 (23.1) 297.0 (20.4) 247.0 4420 250 1
chol?2 289.2 (24.1) 287.4 (21.4) 224.0 435.0 280 0
cholp 291.2 (23.2) 289.9 (204) 233.0 436.8
Post-treatment cholf 282.7 (24.9) 256.5 (26.2) 167.0 427.0 265 0O
chold —8.5 (10.8) —334 (21.3) —113.3 29.5
comp 74.5 (21.0) 59.9 (24.4) 0 101.0 : :
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Estimator

Regression model: Y?*® = a + 7 - W; + &4,

. ~0ls ~ols . obs 2
Least square estimate: (z°°,a”") = arg min E (Y : —a — T - Wf)
N i=1
W;Y,°Ps — NWY

A
Z?;l (Wi — W) . (Y?bs . I—,Obs)

=1

i:ols e and &ols _ ?obs %015 W
— 2 ? - >
YW —Ww) ' -
N b 1 1 N,
Y=y W=—S"w=-
Wi—NI/T/2=NtNC N; NMi=x

N i=1

=1
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Interpretation (1): its Causal Meaning

Regression model: Y =a + 7 - W; + al,

Least square estimate: (z°5,a°%) = arg mln E (Y obS _a — 1 W)

SN (Wi — W) - (PP — Y°°)

zols _ L — ( _)2 . and T — ?Obs _ zols W,
SR W
"’ b
YO = ZI :Wi=0 YUbS/N

,-.015 }—,()bs ?obs | Adlf

An unbiased estimator of (o of in CREs ----»The key from association statement
to causal statement
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Justification for Linear Regression

0= U = Esp [Yi0)] Tsp = Ut — lhe = Esp [Yi(1) — Yi(0)]

4 Y;(0) — u,. ifW,=0
. . Obs _ . e e e & = L MC l
Regression model: YP* = a + 7 - W; + ¢;, €i {Yi(l) —u ifw, =1

Completely randomized experiment

]

W 1L (¥i(0), ¥i(1)) -

-
-
-

f Standard regularity conditions for linear model

-
-

Esple:|Wi =2 wi =2 O for w= 0.1 We can use all theoretical tools for
VpleillWi] = of Wi + o (1 =Wy) / inferring linear model coefficients
' (a,7,0%)

.

:

If 02 =02 =02 VglelW;] =02
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Inference

o = pe = Egp[Yi(0)]
T

T
Regression model: Y;S}bs —a+71-W;+¢g4,-- - E; ={

Yors =xg+¢ B=(a,0)T x= In
1y,

Assume of = 02 = o

YrS=XB+e L=(a,0)T x= Lne
1y,

RERFSGTSRHREMFER

Tsp = Ht — He = Egp [Yi(1) — Y3(0)]

YL(O) — U W, =0

Wy, E[e|X] =0
1y VsplelX] = X = diag(aé - 1y, 0¢ - 1y,)

t

: E[e|X] = E[e] =0
1y ) VsplelX] = = = diag(c?,-++,0%)



Inference: Assume of = 02 = 0°

1 0 Ele|X] = E[le] =0
Yobs = XB + ¢ = (a,7)7 — [ Ne “Ne .
g f=l@n)’ X (1Nt 1y, VsplelX] = X = diag(a?,-,0%)
’ Asymptotica,rlly normal (think why) v, iy T
? — Ty\—1yTyobs _ _ N, N,
ﬁ (X X) XY B + He H = (XTX) 1xT — on, In,
Var(B) = HZHT N N
Var(t°%) = g% (— 1 ) & 62 = LZN &7
N, Nt N—2Lyj-q"

" 1 1
Var(t°9) = 62(i _) “ yeonst — = . (E + E)

N. N,
=

The inference based on regression model
is identical to Neyman approach!
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Inference: Allow of # o/

1y, 0 E[¢|X] = 0
yobs = XB + ¢ = (a,17)7 — [ Ne “Nc .
g p=(am) X 1y, 1y, VsplelX] = Z = diag(o¢ - 1., of - 1n,)
‘ 1NC _1NC T
5 (XTX)—leyobS _ H H — (XTX)—le — NC NC
P = = b+ He On  1ng
Var(f) = HZHT Ne N
~ 2 __ 1 N AZW
iz ot K s VA
VaT(fOIS) = N_ + F & 2 1 N 2
& 8 ‘ O-C NC _ 1 l=1€i (1 _ Wl)
~A 2 A 2 2 2

N O¢ Ot $meyman __ Sc -
Var(£°5) = + “ A% — + —.

Ne N
<

The inference based on regression model
is identical to Neyman approach!
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Inference: Discussion for Case o/ # o/

1y. O E[e|X] = 0
YobS = XB + ¢ = (a,7)7 = Ne "N
g p=le x <1Nt Iy, [€|X] = 2= dlag(acz Iy, ,Of - 1n,)
2 2 o 2 o 2 é-\tz Nt -1 l 1 R:
" VHT‘ fOlS — C _I_ t & h
= — 144 1
0'2 == 0'2 . Var(t°8) = 52(i+l) & 6% = —z &7 R: m
t o, N. N, N—224ai=
Aside:
B — (XTx)—leYobS — ,8 + He H = (XTX)_1XT

Var(f) = HZHT = (XTX)"1XTzX(XTX) Var(f) = (XT X)X diag(¢2, ..., £)X(XTX) 1
The Eicker—Huber—White (EHW) robust covariance estimator

(also known as the heteroskedasticity-consistent covariance matrix estimator (HCCME)):
a moment estimator for the asymptotic variance of 5
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Interpretation (2): under Imputation

» Key challenge: Missing data

» Another interpretation, in lights of imputation-based methods, the
topic of the next lecture.

Esp [P |W; = w]

unconfoundedness‘
Esp[Y;(0)] i = Yi(1) — Y;(0) ifw,=1
Esp[Y;(1)] 2 = Yi(1) = Yi(0) ifw,=0

- &
t= = > AW (%) = Fi0) + 1 = wh) - (T - ¥i0)) |




Interpretation (3): under Limitation

Regression model: Y =a + 7 - W; + &,
N

2
Least square estimate: (7°,4°%) = arg min E (ths —a —T- W,-)
T,00

i=1

Least square estimate when 1 )
sample size goes to infinity: (™, 7") = argminEgp | — Z (Y?bﬂ —a—71- W;‘)
a,T N !

a,T ]
G — Esp[Y?bslwi = 1] — Esp[YiObslwi = 0]
Completely randomized experiment -

) 2
= arg min E, (Y?"bs—a -7 WI-) ] .

T* — Tsp
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Regression Methods in CREs

<+ Advantages of regression methods
v Well known & easy to understand
v Reach to identical results to Neyman approach

v Easy to extend to scenarios with covariates

< Critical thinking
v Regression method only provide association statements
v~ We can run regression to any data & get some results
v In general the results do not have causal meaning

v CREs warrantee the causal meaning of the results
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Linear Regression with
Covariates
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LRC-CPPT Cholesterol Data Analysis

Table 7.1. Summary Statistics for PRC-CPPT Cholesterol Data Y W. X
) )
Variable Control (N =172) Treatment (Ny =165)
Average Sample (S.D.) Average Sample (S.D.) Min Max m
Pre-treatment choll 297.1 (23.1) 297.0 (20.4) 247.0 4420 250 1
chol?2 289.2 (24.1) 287.4 (21.4) 224.0 435.0 280 0
cholp 291.2 (23.2) 289.9 (204) 233.0 436.8
Post-treatment cholf 282.7 (24.9) 256.5 (26.2) 167.0 427.0 265 0O
chold —8.5 (10.8) —334 (21.3) —113.3 29.5
comp 74.5 (21.0) 59.9 (24.4) 0 101.0 : :
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Model and Estimators

Some Covariate§, could be a vector

Regression model: bes =a—+71-W;,+X;p+ ¢;

: R 2
Least square estimate: (3015 0ls polsy — aro mn})) Z (YI.ObS —a—17-W; — Xiﬁ)
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Interpretation (1): under Limitation

Regression model: bes =a—+71-W;,+X;p+ ¢
N

: . 2
Least square estimate: (z0ls gols polsy _ 5p0 rm% Z (yfbs —a—17-W; — Xfﬁ)
T.,00, N

i=1

Least square estimate when 5
sample size goes to infinity: (a*, ¢*, f*) = arg min E [(YPbS —a—17-W; — Xs:ﬁ') ]

a,B.t !
<

(,z\.ols' Cffols,lg"olS) N (T*, CZ*,,B*)
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Consistency of 77

» Objective function: O(a,7,8) = E[(Y?™ —a — 1 - Wi — Xif8)7]

) [(Yf’bs —a—1-Wi—(X;— #X)ﬁ)z}

Q@a,t,p) = Eg (bes —a—1-Wi—(X; - ﬁfx)/”)h]

2

= Es -(},-;.}h:s _ 5 N8N w,-) ] + Egp [((X;' - Hx)/f)z}

N (R o
5 sp i — Ux)pl )
= Eg [(}’f‘hs —a—71- W) ] + Egp [((X — ux)p) ] Egp [t - Wi+ (Xi — ux)B]1 =0,

— 2By [19% - 0 — uop]

:__#.““.“.“.".
= =0,
() BHEREEH SHERME R
Az g X 2
s H ~ ~
"n S
Xores



Consistency and Asymptotic Normality

Theorem 7.1 Suppose we conduct a completely randomized experiment in a
sample drawn at random from an infinite population. Then

* _ of = Var(g|W;, X;) = Var(Y;(W)|X;)

(1) T = Tgps T

2

E [(Wz _P)2 : (_Y?bs = Ui Tsp - Wi _Xiﬁ*) ]

N . ("018 _ ) z 0+ To-----o--s-o==
2 ~N-(% tp) — N 2. (1—p)2
2 2
Smaller than meyman — Sc 4 % , if covariates X; are

Y. N N
predictive to Y°%S ¢ ‘

Note:
« The Theorem is still correct even if the regression model is wrong.
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Model Comparisons

Regression model without X:
1 1

62 = EN 82 — EN (Y-Obs _ i}pbs)z
YW N_zi_l i N_zi_l i i

1

i:W;= i:WI‘ZI
Variance:
Assume the variance of two potential

outcomes does not vary by treatment.

)
‘Qhomosk i Oy\w e i i

— o —l— : ~ + ~ )

>ic1 (Wi — W) i t
When sample size goes to infinity:
2
N - @homosk P h Oy|\w )
p-(1—p)

FERFS T SRR ER

~N_—2 ( ZO (Y?bs—?ﬁbs)er S (Y;*bs_?gbs 2

p = lim —
N—)OON

Regression model with X:

]Esp [ Yiobs

X,;=x,W,;=t] =ac+r5p-r—|—ﬁ"x,

)

Variance:

Assume the variance of two potential
outcomes does not vary by treatment or
covariates:

Vp(Yi(w)|X; = x) = J}%|W,X=

for w = 0,1, and all x.

When sample size goes to infinity:
2
N - VESmOSk Cyiw.x

p-(1—p)

Using a special case to see the gain in precision from including the covariates.



Key of the proof (not required)

Reparametrization: (g, 7, f) === (@, z, f). a=0a—p-T— Esp[Xi]ﬂ«

N

Z (bes — (Ei —p-T — IESp[Xf]ﬁ) —17-W;— Xiﬂ)z
iﬁl 5
— Z (Y?bs‘ —a—1- (Wj —p) — (Xi — Esp[Xi]) ﬁ)
=1l
N ~ -,
Estimation: Z W(Y?bss Wi, X, a°, £°8, ﬁﬂls) =0,
7 y—a—r-(w—p)—(x—Esp[Xi])ﬁ
v,w,x,a,7,p) = (w—p)- ()’ —a—17-(W—p)— (.x - ESP[Xf]) ﬁ)
(x —EglXil) - (y —a — 7 - w—p) — (x — EglXi]) B)

S,
* <! : ."u
e BHERESGVEHERER
Qs dity
'," T é; £ ﬁ 2= -3 N




Key of the proof (not required)

&ols —a* 0
Asymptotically normal: /N . | 705 — rsp) AN ( (0) ,T7IAT T)_l)
0

pols )B*
A = Esp [W(besg Wiin: &*5 Tsp-.- ﬁ:k) : W(Y;‘Obss Wi:Xis &*5 Tsp, ﬁ*)T]

T
1 1
= Eg, [(Y?™ — a* — 7o, — X;8* ¥ W; — W; —
sp ( : sp i ) i— P i—P
L (Xi — Esp[Xi])T (Xi — Esp[Xi])T |

0
I = Esp -a(a, r,ﬁ) W(Y;_Dbs, Wi, X;, o, T,ﬂ):| e 5
| — 1 —(W; —p) —(X; — Esp[Xi])
T ESP ( — (Wi —p) —(W; _P)2 —(W; —P) - (Xi — Esp[Xi]) )
| \—Xi —Ep[XiD" —(Wi —p)- (i — Epp[XiD)" —(Xi — Ep[XiD)" - (Xi — Egp[Xi])/ _
—1 0 0
= Esp 0 —p(-p) 0 )
_Esp [(Xi - ]Esp[Xi])T - (X — Esp[Xi])] i

0 0
&) g SRENER
iz, é:s;ﬁ B = — N




Review: Consistency and Asymptotic
Normality

Theorem 7.1 Suppose we conduct a completely randomized experiment in a
sample drawn at random from an infinite population. Then

% _ af = Var(g|W, X;) = Var(Y;(W)|X;)
(1) T = Tsp,

@ VN (£~ 7o) —d>N(O,E[(W"‘p)z'LL_.:_____'_f_—__'_
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Inference

» Estimator for the sampling variance for the average treatment effect

» Heteroskedasticity:

v, - A A 2
Whetero o’ 1 . Iiv=1(Wi — W)Z . (YiObS — qols — Tolsz_ _ Xiﬁols)
» Homoskedasticity
Vhomo o 1 IiV=1(Yi0bs _ Cffols _ ,Leolsz_ . XiBOIS)Z
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Interpretation (2): under Imputation

» This LSE can also be interpreted with imputation method.

Egp | Y7 | X = x, W = w| =

unconfoundedness~\—
Egp [Y0)| X; = x] = 2= Yi(l) — ¥i(0) ifw,=1
Esp [Yi(1)| X; = x] = 7 = Yi(1) — Y;(0) ifw,=0

N
- Y t= %Z Wi (¥i) = 7)) + 1 = wi) - (%) - vi0)) |




LRC-CPPT Cholesterol Data Analysis

Table 7.2. Regression Estimates for Average Treatment Effects for the PRC-CPPT Choles-
terol Data from Table 7.1

Covariates Effect of Assignment to Treatment on
Post-Cholesterol Level

Est (s.e.)
No covariates —26.22 (3.93)
cholp —25.01 (2.60)

The more covariates, the better? E.g. compliance?
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LRC-CPPT Cholesterol Data Analysis

Table 7.2. Regression Estimates for Average Treatment Effects for the PRC-CPPT Choles-
terol Data from Table 7.1

Covariates Effect of Assignment to Treatment on
Post-Cholesterol Level

Est (s.e.)
No covariates —26.22 (3.93)
cholp —25.01 (2.60)
choll, chol2 —25.02 (2.59)

The more covariates, the better?
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LRC-CPPT Cholesterol Data Analysis

Table 7.1. Summary Statistics for PRC-CPPT Cholesterol Data Y W. X
) )
Variable Control (N =172) Treatment (Ny =165)
Average Sample (S.D.) Average Sample (S.D.) Min Max m
Pre-treatment choll 297.1 (23.1) 297.0 (20.4) 247.0 4420 250 1
chol?2 289.2 (24.1) 287.4 (21.4) 224.0 435.0 280 0
cholp 291.2 (23.2) 289.9 (204) 233.0 436.8
Post-treatment cholf 282.7 (24.9) 256.5 (26.2) 167.0 427.0 265 0O
chold —8.5 (10.8) —334 (21.3) —113.3 29.5
comp 74.5 (21.0) 59.9 (24.4) 0 101.0 : :
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Linear Regression with Covariates & Interactio

To further improve the precision of the estimator, we may include interaction:
Y =a+1 - Wi+ X8+ Wi-(Xi — XDy + &;.

I

Least square estimate: (zols gols BOs, 5018y — arg mfgn Z (Yobs — - -W; —X;f — W; - (X; — ;_()y)z
T,00 V 1

LSE when sample size 5

goes to infinity: (a*, %, %,y ™) = arg Iglny Esp [(Y.:-Obs —a—17-W;—X;f — W; - (X; — #x)?) ]

Theorem 7.2 Suppose we conduct a completely randomized experiment in a random
sample from a super-population. Then (i) * — s

ES (W;—p) - YPS—G*—TS -Wi—Xiﬂ*—Wi-(Xi—ﬁ )y*
“N'(%OIS_TS") ~=> N | 0. P[ : pZ-I(Jl — p)? 070 ]

Note: this LSE can also be interpreted with imputation method.
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LRC-CPPT Cholesterol Data Analysis

Table 7.2. Regression Estimates for Average Treatment Effects for the PRC-CPPT Choles-
terol Data from Table 7.1

Covariates Effect of Assignment to Treatment on
Post-Cholesterol Level

Est (s.e.)
No covariates —26.22 (3.93)
cholp —25.01 (2.60)
choll, chol2 —25.02 (2.59)
choll, chol2, interacted with W —25.04 (2.56)
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Testing based on Model with Interaction

Testing for no existence of interaction and constant causal effect in each subgroup:

H): Egl¥i(1) — Yi0)|X; = x] = 75, forallx,
H, : 3 xp,x1, such that Eg,[Y;(1) — Y;(0)|X; = xo] # Egp[Yi(1) — Yi(0)|X; = x1].

The normalized covariance matrix of the vector (795, 5 °I8) is V., = (S;f %sw )
T,y ¥y

Theorem 7.3 Suppose we conduct a completely randomized experiment in a random

sample from a large population. If Y;(1) — Y;(0) = 1 for some value t and all units, then
():y* =0, and /(1)

= S d :
Qconst = (¥ DIS)TV}. 1? e — X (dim(X;)).

AR ERER & Wald test for multiple parameters




Testing based on Model with Interaction

Testing for no existence of interaction and zero causal effect in each subgroup:

Hp : Egp[Y;(1) — Yi(0)|X; =x] =0, Vux,
H, @ Egp[Yi(1) — Yi(0)|X; = x] # 0, for some x.
The normalized covariance matrix of the vector (£, 7 0ls) is Vey = ( g;f %; )
7,
Theorem 7.3 Suppose we conduct a completely randomized experiment in a random
sample from a large population. If Y;(1) — Y;(0) = O for all units, then
@D:y*=0, and (i)

zols r A 1 ols d ;
Qzero = (j’;ﬂ]s) Voo (j’,‘*nls) —> A(dim(X;) + 1).

"."’—. N » A S R
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LRC-CPPT Cholesterol Data Analysis

Table 7.4. P-Values for Tests for Constant and Zero Treatment Effects, Using choll and
chol2-choll as Covariates for the PRC-CPPT Cholesterol Data from Table 7.1

Post-Cholesterol Level

Zero treatment effect X2%(3) approximation <0.001
Fisher exact p-value <0.001
Constant treatment effect X2%(2) approximation 0.029

» Conclusion:

v The evidence for the presence of treatment effects is very
strong

v the evidence for heterogeneity in the treatment effect is weak.
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Summary
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Summary

» Motivation: include covariates for increasing precision of
estimators.

» Settings: Super-population, CRE
» Method: linear regression estimand -- parameter

v With no covariate v Point estimation

» Causal interpretation v Confidence interval

» Connections with Neyman’ s approach v Hypothesis testing
v With covariates

» Causal interpretation

> Asymptotic theory

v With covariates and interactions
Model Inference
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Reference

» Reference: [T1] Chapter 7
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