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Unit: 𝑁 = 72 children
Treatment: a single dose of buckwheat honey 
Control: no active treatment 
Two outcomes: 
 cough frequency afterwards (cfa) & cough severity afterwards (csa) 
Two covariates:
 cough frequency prior (cfp) & cough severity prior (csp) 
Completely randomized assignment:
 𝑁𝑡 = 35 & 𝑁𝑐 = 37

The Honey Experiment Data (2007) 2

Outcomes are measured on a scale from 0 (“not at all frequent/severe”) to 6 

(“extremely frequent/severe”). 
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Completely Randomized Experiment

 A leading case of a classical randomized experiment 

 The number of treated units 𝑁𝑡 is fixed

  𝑁𝑡 units are randomly selected, from a population of 𝑁 units, to receive the active 
treatment, with the remaining 𝑁𝑐 assigned to the control group.

 Each unit has unit assignment probability 𝑞 =  𝑁𝑡/𝑁 

 The assignment mechanism:

 subset of the set of possible values for W with positive probability

3
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Outline

 Fisher’s Exact P-Values

 whether there exists a non-zero unit-level causal effect?

 Neyman’s Repeated Sampling Approach

 how to estimate the average causal effect?

➢ Finite Sample

➢ Super Population

 Summary

 Appendix

4
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Fisher’s approach
WHETHER THERE EXISTS A NON-ZERO UNIT-LEVEL CAUSAL EFFECT?

5
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A Simple Example with 6 Units 6

The key challenge of causal inference: half of the 
potential outcomes are missing!
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Idea(1): Fisher’s Sharp Null Hypothesis 7

  no effect of the active versus control treatment for each 
unit 

?

𝐻0: 𝜏𝑓𝑠 = 0

  we can fill in all the missing potential outcomes
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Idea(1): Fill in Missing Potential 
Outcomes based on FSNH
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Idea(2): Find a Test Statistic

A function of assignment W under Fisher’s sharp null hypothesis

9

ത𝑌𝑡
𝑜𝑏𝑠 − ത𝑌𝑐

𝑜𝑏𝑠
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Y5
obs

Y6
obs

Idea(2): Find a Test Statistic

ത𝑌𝑡
𝑜𝑏𝑠 − ത𝑌𝑐

𝑜𝑏𝑠
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Idea(3): Enumerate all Possible Values 
of W

11

• The null distribution of test 
statistics 𝑇𝑑𝑖𝑓 under Fisher’s sharp 
null hypothesis

• The randomness is introduced by 
the assignment vector W

• Key question: How unusual or 
extreme is the observed test 
statistics (i.e., 1) assuming the null 
hypothesis is true?

• P-value:16/20 = 0. 80
• In 16 rows, 𝑇𝑑𝑖𝑓 ≥1 

N=6 does NOT have enough power to reject 𝐻0

There are C6
3 =20 different 

possible assignment vectors.

ത𝑌𝑡
𝑜𝑏𝑠 − ത𝑌𝑐

𝑜𝑏𝑠
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Three Steps to Get Fisher’s Exact P-value 

1. specifying the sharp null hypothesis

  

  

2. choosing the test statistic 𝑇

 a known, real-valued function 𝑇(𝑾, 𝒀𝑜𝑏𝑠, 𝑿) 

3. measuring the extremeness / Computation of P-Values

 based on the exact null distribution of 𝑇 under 𝐻0 
obtained by exhaustive enumeration

12

For constant additive
/multiplicative treatment effect 

All data we can observe in causal inference
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Step 2. Choosing the Test Statistic 𝑇 (1) 13

𝐻1: 𝑌𝑖 1 = 𝑌𝑖 0 + 𝐶

𝐻0: 𝑌𝑖 1 = 𝑌𝑖 0

𝐻1: 𝑌𝑖 1 = 𝑌𝑖 0 ∙ 𝐶

insensitive to 

outliers

unequal variances in 

the two groups

insensitive to outliers or 

skewed distributions
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Step 2. Choosing 𝑇 (1): Rank Test Statistic 14
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Step 2. Choosing 𝑇 (1): Rank Test Statistic 15

• The null distribution of test 
statistics 𝑇𝑟𝑎𝑛𝑘 under Fisher’s 
sharp null hypothesis

• The randomness is introduced by 
the assignment vector W

• How unusual or extreme is the 
observed test statistics assuming 
the null hypothesis is true?

• P-value:16/20 = 0. 80
• In 16 rows, 𝑇𝑟𝑎𝑛𝑘 ≥ 0.67 

There are C6
3 =20 different 

possible assignment vectors.
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Step 2. Choosing 𝑇 (2)

 Model-Based Statistics (parametric model)

  𝑌𝑖 0 ∼ 𝑁 𝜇𝑐 , 𝜎𝑐
2 , 𝑌𝑖 1 ∼ 𝑁(𝜇𝑡, 𝜎𝑡

2)

  log𝑌𝑖 0 ∼ 𝑁 𝜇𝑐 , 𝜎𝑐
2 , log𝑌𝑖 1 ∼ 𝑁(𝜇𝑡 , 𝜎𝑡

2)

 The Kolmogorov-Smirnov Statistic (non-parametric model)

16

MLE of the mean parameter

Detect any 

differences in 

distributions

good approximations 

to distribution of the 

potential outcomes 

under some alternative 

hypothesis
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Step 2. Choosing 𝑇: A Simulation Study 17

Conclusions
➢ rank-based statistic is an attractive choice: 

relatively good power & robust to different 
models

➢ the other choices for the test statistics 
performed well only in settings that play to 
their advantages, at the expense of relatively 
poor power in other settings. 

𝛼 = 0.1
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Step 2. Choosing 𝑇 (3): Statistics with 
Multiple Components
 Situations, e.g.

 multiple alternative hypotheses of interest: e.g. different 
mean, different variance

 two outcomes for each unit: e.g. Honey example

 Can we test each 𝐻0 / use each 𝑇 separately and conclude 
together based on multiple p-values?

 Possible solution:

18
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Step 3. Computation of P-Values (1)

 Computing exact P-value is very expensive: 

 An precise approximation can be obtained by simulation

− randomly choose a subset of K possible assignment vectors

− For each assignment vector obtained, calculate its test statistics

− approximate the p-value by

19

Enumerate (
𝑁𝑐 + 𝑁𝑡

𝑁𝑡
) possible assignment vectors

CLT

large-sample standard error: 

The true p-value 

≤
1

2 𝐾
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Step 3. Computation of P-Values (1) 20

Unit: 𝑁 = 72
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Step 3. Computation of P-Values (2) 21

 Under 𝐻0, we have

E ത𝑌𝑡
𝑜𝑏𝑠 − ത𝑌𝑐

𝑜𝑏𝑠 = 0,

Var ത𝑌𝑡
𝑜𝑏𝑠 − ത𝑌𝑐

𝑜𝑏𝑠 =
𝑁

𝑁𝑡𝑁𝑐
𝑆2, 

     where 𝑆2 =
1

𝑁−1
σ𝑖=1

𝑁 𝑌𝑖 1 − ത𝑌 1
2

=
1

𝑁−1
σ𝑖=1

𝑁 𝑌𝑖 0 − ത𝑌 0
2
.

 According to the Finite Population CLT, under 𝐻0, we have
ത𝑌𝑡

𝑜𝑏𝑠 − ത𝑌𝑐
𝑜𝑏𝑠

𝑁
𝑁𝑡𝑁𝑐

𝑆2

→𝑑  𝑁 0,1 , as 𝑁 → +∞

 Since 𝑆2 is fixed under 𝐻0, it is equivalent to use 
ത𝑌𝑡

𝑜𝑏𝑠− ത𝑌𝑐
𝑜𝑏𝑠

𝑁

𝑁𝑡𝑁𝑐
𝑆2

and 𝑇𝑑𝑖𝑓 in FEP. 

Reference for Finite Population CLT: 

H´ajek, J. (1960). Limiting distributions in simple random sampling from a 
finite population. Publications of the Mathematics Institute of the Hungarian 
Academy of Science, 5:361–74. 
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Step 3. Computation of P-Values (2) 22

 According to the Finite Population CLT, under 𝐻0, we have
ത𝑌𝑡

𝑜𝑏𝑠 − ത𝑌𝑐
𝑜𝑏𝑠

𝑁
𝑁𝑡𝑁𝑐

𝑆2

→𝑑  𝑁 0,1 , as 𝑁 → +∞

 Two-sample 𝑡-test assuming equal variance:
ത𝑌𝑡

𝑜𝑏𝑠 − ത𝑌𝑐
𝑜𝑏𝑠

𝑁
𝑁𝑡𝑁𝑐(𝑁 − 2)

[σ𝑖:𝑊𝑖=1 𝑌𝑖 1 − ത𝑌𝑡
𝑜𝑏𝑠 2

+ σ𝑖:𝑊𝑖=0 𝑌𝑖 0 − ത𝑌𝑐
𝑜𝑏𝑠 2

]

~𝑡𝑛−2.

 For comparison, we have the expansion

𝑁 − 1 𝑆2 = ෍

𝑖:𝑊𝑖=1

𝑌𝑖 1 − ത𝑌𝑡
𝑜𝑏𝑠

2

+ ෍

𝑖:𝑊𝑖=0

𝑌𝑖 0 − ത𝑌𝑐
𝑜𝑏𝑠

2

+
𝑁𝑡𝑁𝑐

𝑁
ത𝑌𝑡

𝑜𝑏𝑠 − ത𝑌𝑐
𝑜𝑏𝑠 2

.

 With a large 𝑁 and under 𝐻0, the approximate 𝑝-value from finite population 
CLT is close to the 𝑝-value from the classic two-sample 𝑡-test assuming equal 
variance, which can be calculated by t.test with var.equal = TRUE in R.
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Step 3. Computation of P-Values (2) 23

 Similarly, according to the Finite Population CLT, under 𝐻0, we have
ത𝑌𝑡

𝑜𝑏𝑠 − ത𝑌𝑐
𝑜𝑏𝑠

𝑠𝑐
2

𝑁𝑐
+

𝑠𝑡
2

𝑁𝑡

→𝑑  𝑁 0,1 , as 𝑁 → +∞

 With a large 𝑁 and under 𝐻0, the approximate 𝑝-value from finite 
population CLT is close to the 𝑝-value from the classic two-sample 𝑡-test, 
which can be calculated by t.test with var.equal = FALSE in R.

 Similarly,

➢ The function wilcox.test can compute both exact and asymptotic 𝑝-values 

based on the rank statistic;

➢ The function ks.test can compute both exact and asymptotic 𝑝-values based on 

the Kolmogorov-Smirnov Statistic.
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Thinking: A Simple Example with 6 Units 24

Results are consistent with intuition?
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Discussion 1: FEP with Covariates 25

• Gain score: 

VS

0 on average (average in what 
sense?), but not 0 for each time 
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Discussion 1: FEP with Covariates 26

• Proportional change: 

• Regression coefficient:
• What if the model is wrong?
• Is it still valid?
• Is it more effective?
• What is the causal meaning for 

the coefficient?
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Discussion 1: The Honey Experiment Data 27

Unit: 𝑁 = 72
Calculation of p-values: 
1,000,000 draws

𝑝 = 𝑃(𝑇 ≥ 𝑇𝑜𝑏𝑠)

This reflects the strong 
correlation between the 
prior cough frequency and 
ex post cough frequency
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Discussion 2: Fisherian / Fiducial Interval 28

𝑇𝑑𝑖𝑓 𝑇𝑟𝑎𝑛𝑘

𝑝 = 𝑃(𝑇 ≥ 𝑇𝑜𝑏𝑠)

95% “Fisher” interval for 
the treatment effect 
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Neyman’s approach
HOW TO ESTIMATE THE AVERAGE CAUSAL EFFECT?

FINITE SAMPLE

29
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Fisher’s Approach vs Neyman’s Approach

 Fill in missing potential outcomes based on

 Limitations:

− The sharp null hypothesis is somewhat restrictive

− Rejecting the null hypothesis itself cannot provide us an 
estimator of the unknown (average) treatment effect

 Neyman’s repeated sampling approach

− Focus on average causal effect instead of unit-level effect

− Provide unbiased point estimator & interval estimator

− Randomness: considering only finite population first 

• randomized assignment of treatments to the units in the sample 

30
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Estimation of Average Treatment Effect 31

❖ Causal estimand:

❖ Estimator:

How to express it in terms of 𝑌𝑖(1) , 𝑌𝑖(0), W
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Unbiasness of the Estimator 32
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Example: The Honey Experiment Data 33

= −0.697

Unit: 𝑁 = 72 children
Treatment: a single dose of buckwheat honey 
Control: no active treatment 
Two outcomes: 
 cough frequency afterwards (cfa) & cough severity afterwards (csa) 
Two covariates:
 cough frequency prior (cfp) & cough severity prior (csp) 
Completely randomized assignment:
 𝑁𝑡 = 35 & 𝑁𝑐 = 37
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Steps for Building Confidence Interval

 3 steps:

 derive the sampling variance of the estimator for the average 
treatment effect 

 develop estimators for this sampling variance 

 create a large-sample confidence interval for the average 
treatment effect

34
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The Sampling Variance of the Neyman 
Estimator with N Units (I)

variance of Yi(0) in the finite population

variance of Yi(1) in the finite population

variance of the unit-level treatment effects in the finite population

35
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Key Steps of the Proof 36
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Key Steps of the Proof 37
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The Sampling Variance (I): A Special Case 38

variance of Yi(0) in the finite population

variance of Yi(1) in the finite population

variance of the unit-level treatment effects in the finite population

If 𝑌𝑖 1 − 𝑌𝑖 0 = 𝜏𝑓𝑠, ∀𝑖,   then we have 𝑆2
𝑡𝑐 = 0, and thus
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The Sampling Variance (II): Alternative 
Representation

39

the correlation coefficient
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The Sampling Variance (II): Alternative 
Representation

40

correlation coefficient

➢ Reach minimum when 𝜌𝑡𝑐 = −1

➢ Reach maximum when 𝜌𝑡𝑐 = 1
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Summary for Var( Ƹ𝜏𝑑𝑖𝑓) 

 Without additional assumptions, we have

 With an assumption: 𝑌𝑖 1 − 𝑌𝑖 0 = 𝜏𝑓𝑠, ∀𝑖,  we have 

41

表达方式一

表达方式二
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Estimating the Sample Variance (I) 42

If 𝑆𝑡
2 = 𝑆𝑐

2
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Estimating the Sample Variance (II) 43

Provide a proper up-bound Specify 𝜌𝑡𝑐 = 1

A pre-specified 𝜌𝑡𝑐 leads to the estimate below:
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Summary for ෢Var ( Ƹ𝜏𝑑𝑖𝑓)

 Without additional assumptions

 With an assumption 𝑌𝑖 1 − 𝑌𝑖 0 = 𝜏𝑓𝑠, ∀𝑖,  

44

表达方式一

表达方式二

conservative

conservative

unbiased
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Confidence Intervals 45

Based on a normal approximation to the randomization distribution of Ƹ𝜏𝑑𝑖𝑓 

• E.g., confidence interval when 𝛼 = 0.10

an estimate of the sampling variance of 𝜏𝑑𝑖𝑓 , e.g.,
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Testing 46

T-statistics:

Test statistics:

Neyman approach

Fisher approach (Exact P-Value)
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Example: The Honey Experiment Data 47

= −0.697

Unit: 𝑁 = 72 children
Treatment: a single dose of buckwheat honey 
Control: no active treatment 
Two outcomes: 
 cough frequency afterwards (cfa) 
Completely randomized assignment:
 𝑁𝑡 = 35 & 𝑁𝑐 = 37

≈ 0.139

≈ 0.139

≈ 0.139

≈ [−1.31, −0.08]

Approach P-value

Neyman’s 0.062

Fisher’s 0.067
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Neyman’s approach
HOW TO ESTIMATE THE AVERAGE CAUSAL EFFECT?

SUPER POPULATION

48
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Fisher’s Approach vs Neyman’s Approach

 Fill in missing potential outcomes based on

 Limitations:

− The sharp null hypothesis is somewhat restrictive

− Rejecting the null hypothesis itself cannot provide us an estimator 
of the unknown (average) treatment effect

 Neyman’s repeated sampling approach

− Focus on average causal effect instead of unit-level effect

− Provide unbiased point estimator & interval estimator

− Consider two layers of randomness:

• repeated sampling from the population

• randomized assignment of treatments to the units in the sample 

49
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Super Population Average Treatment 
Effects 

50
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Inference for Population Average 
Treatment Effects 

51

?

 Is the estimator Ƹ𝜏𝑑𝑖𝑓 unbiased?

 To build the corresponding confidence interval, what 
should we get?
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Inference for Population ATE 52

Based on Theorem 6.2
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Inference for Population ATE 53

0

1

N
=
1

N
s tc

2
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Summary

54
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Summary

 FEP and Neyman’s approach have different inference 
goals.

 FEP

 Hypothesis testing only, no average causal effect estimation

 Exact null distribution: approximation by simulation

 Statistical power is the standard for choosing statistics

 Neyman’s Approachre

 Finite sample 

Unbiased estimator

Confidence interval: valid, effective

 Super population: two layers of randomness, Vol. 68: 304-305.

55

 Limitations: how to incorporate covariates?
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Appendix: Proof of the sampling 
variance Var( Ƹ𝜏𝑑𝑖𝑓)

57
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The Sampling Variance (I) 58

variance of Yi(0) in the finite population

variance of Yi(1) in the finite population

variance of the unit-level treatment effects in the finite population
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Proof for (I) 59

谢谢刘开星同学的分享！
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The Sampling Variance (II): Alternative 
Representation

60

the correlation coefficient
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Proof for (II) 61
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