Introduction to Causal Inference

Lecture 3

Fisher’ s Exact P-Values
&
Neyman’ s Repeated Sampling Approach
for Completely Randomized Experiments

XR 5%
WANLUDENG@TSINGHUA.EDU.CN

5 T H Y

oW Vi 2 > of &

Wile X z] —]

Sy 1R = S




The Honey Experiment Data (2007)

Unit: N = 72 children
Treatment: a single dose of buckwheat honey
Control: no active treatment
Two outcomes:
cough frequency afterwards (cfa) & cough severity afterwards (csa)
Two covariates:
cough frequency prior (cfp) & cough severity prior (csp)
Completely randomized assignment:
N, =35&N,. =37
Table 5.1. Summary Statistics for Observed Honey Data

Variable Mean (S.D.) Mean Controls Mean Treated
Cough frequency prior to treatment (c £p) 3.86 (0.92) 3.73 4.00
Cough frequency after treatment (cfa) 2.47 (1.61) 2.81 2.11
Cough severity prior to treatment (csp) 3.99 (1.03) 3.97 4.00
Cough severity after treatment (csa) 2.54 (1.74) 2.86 2.20

N VL 2o . Outcomes are measured on a scale from 0 (“not at all frequent/severe”) to 6
RERF R SRR FR (“extremely frequent/severe”).




Completely Randomized Experiment

» A leading case of a classical randomized experiment
» The number of treated units N, is fixed

» N, units are randomly selected, from a population of N units, to receive the active
treatment, with the remaining N_assigned to the control group.

» Each unit has unit assignment probability g = N,/N

» The assignment mechanism:

F’ N ) N
1 if » ., W, =N,
Pr(W|X, Y(0), Y(1)) = 4 / (Nt) il | (ﬁﬁ) N '(NN! N)!
t!(N — NMp)!

{ 0 otherwise,

» subset of the set of possible values for W with positive probability

N
ZW,j:Nt}

Wt = {WEW
i—1
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Outline

» Fisher’ s Exact P-Values

whether there exists a non-zero unit-level causal effect?

» Neyman’ s Repeated Sampling Approach

how to estimate the average causal effect?

> Finite Sample

> Super Population

P Summary

» Appendix
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Fisher’ s approach

WHETHER THERE EXISTS A NON-ZERO UNIT-LEVEL CAUSAL EFFECT?
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A Simple Example with 6 Units

Table 5.3. Cough Frequency for the First Six Units from the Honey Study

Unit Potential Outcomes
Cough Frequency (cfa) Observed Variables
Y;(0) Y;(1) W; X; ypbs
(cfp) (cfa)

1 ? 3 1 4 3
2 ? 5 1 6 5
3 ? 0 1 4 0
4 4 ? 0 4 4
5 0 ? 0 1 0
6 1 ? 0 5 1

The key challenge of causal inference: half of the
potential outcomes are missing!
FHERZSG T SHEEMFER




Idea(1): Fisher’ s Sharp Null Hypothesis

HO: TfS =0

8

Ho: Y;(0)=Y;(1) fori=1,...,6.

\ 4

» no effect of the active versus control treatment for each
unit

P we can fill in all the missing potential outcomes

5 i )
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Idea(1): Fill in Missing Potential
Outcomes based on FSNH

Table 5.3. Cough Frequency for the First Six Units from the Honey Study

Unit Potential Outcomes
Cough Frequency (cfa) Observed Variables
Y,(O) Y,(l) “1‘ Xi YiOhS HU . YE(O) == I‘}(l) f()l' I = 1, ] 6.
(cfp) (cfa)
1 ? 3 1 4 3
2 ? 5 1 6 5
3 ? 0 1 4 0
4 4 ? 0 4 4
5 0 ? 0 1 0
6 1 ? 0 5 1
Unit Potential Outcomes
Cough Frequency (cfa) Observed Variables
Y;(0) Y;(1) Treatment X; YPP  rank(YPPS)
1 (3) 3 1 4 3 4
2 (5) 5 1 6 5 6
3 (0) 0 1 4 0 1.5
4 4 4) 0 4 4 5
5 0 (0) 0 1 0 1.5
BHRERZSGITS5HENFER 6 1 (1) 0 5 1 3




Idea(2): Find a Test Statistic

A function of assignment W under Fisher’ s sharp null hypothesis
A

T(W, Yohs) _ lef — _tObS _ Ycobs

b
Yo =awm YPO/Ne P = 3,0 YOO /N,
Nt — Z?F:l Wi N¢ = Ziil (1 — Wi)
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Idea(2): Find a Test Statistic

Unit Potential Outcomes
Cough Frequency (cfa) Observed Variables
Y;(0) Y;(1) Treatment X; YPPS

1 1 4 3

2 1 6 5

3 1 4 0

4 0 4 4

5 0 1 0

6 0 5 1

T°° = T(W,Y°P) = Y90S _ y0bs <ummmm wW°b =(1,1,1,0,0,0)

— (Y + Y5 + Y5P)/3 — (Y5 + Y% + YS*)/3| = |8/3 — 5/3| =

T(W, YObS) (YObS—I—YObS—I— Yobs )/3 L (Yobs 4+ Y4obs 4 Y'SObS )/3

6/3 —7/3 —=-0.33 €@ W-—(0.,1,1.0,0,1)
Fiﬁ'ﬁj(?%rl‘ EHERER

1.00.



I[dea(3): Enumerate all Possible Values

Of W N=6 does NOT have enough power to reject H,,

A Table 5.5. Randomization Distribution for Two Statistics for the Honey Data
! Jrom Table 5.3

P-value: 16/20 = 0. 80 Statistic: Absolute Value of

[ ]
e In16 TOwWS, Tdif Z]. Difference in Average
f Wi W, W3 Wy Ws We YtObS - YCObS

. 0 0 0 1 1 1 —1.00

Key ques'tlon. How unusual or o o . o . ; 367

extreme is the observed test 0 0 1 1 0 1 —1.00

statistics (i.e., 1) assuming the null 0 0 1 1 1 0 —1.67

i ot e S 0 1 0 0 1 1 —0.33

V e 0 1 0 1 0 1 2.33

f 0 1 0 1 1 0 1.67

0 1 1 0 0 1 —0.33

 The null distribution of test 0 1 1 0 1 0 —1.00

statistics T4f under Fisher’ s sharp © ! 1 1 0 0 SO0

: 1 0 0 0 1 1 —1.67

null hypothesis D S 0 0 1 0 1 1.00

¢ The randomness is introduced by 1 R ] 1 1 0 0.33

i T . or W 1 0 1 0. 0 1 —1.67

the assignment vect h o . o . o e

1 0 1 1 0 o e 0.33

There are Cg3 =20 different 1 1 0 0 0 1 —

. : 1 1 0 0 1 0 1.00

possible assignment vectors. ) . 0 1 0 0 3.67

1 1 1 0 0 0 1.00
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Three Steps to Get Fisher’ s Exact P-value

1. specifying the sharp null hypothesis
Hy:Yi(1)=Y(0)+C fori=1,...,N. For constant additive
Hp : Yi(1)/Y:0) = C for i 1 N /multiplicative treatment effect
« A I — : 5 =« = = 9 -
Hy:Y1)=Y,0)+C; fori=1,...,N.
) ChOOSil’lg the test statistic T All data v;/'e can observe in causal inference

a known, real-valued function T (W, Y3, X)

3. measuring the extremeness / Computation of P-Values

based on the exact null distribution of T under H,
obtained by exhaustive enumeration
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Step 2. Choosing the Test Statistic T (1)
H,:Y:(1) = Y;(0)

el | Yobs o YOO
Td]f — ObS ?obs ZI W= ZI W= Hl: Yl(l) — YL(O) + C
Nt Nc
obs obs
T]gg _ Zi:W;’=1 In (Yl ) . Zf:Wi=U In (YI ) | Hl: Yl(l) — YL(O) . C
Nt Nc
Tmedian i medt(Y;)bS) - medC(Y;)bS) Tdquant _ ‘CIJ,t(Y?bS) . CIJ,C(beS) lnse.nSIthe to
outliers
—obs ?obs X _ .
pi-stat _ | 7= Y (P =Y/ (N — 1) unequal variances in
\/Sg IN, + 52/N; 2 = Yo (7 ﬂabs)z JNe— 1) the two groups
ZE:W,:l R; ZE:WFO R; Insensitive to outliers or

qrank _ \p R | — . :
| t C| skewed distributions

Ny Ne

N 1 N N+1
Ri = R;‘(Yi)bs ..... YR{bS) = Z ll‘:?bs<l’?bs + E 1 + Z lljpbszl’fbs - T.

) BHEREGUSHEMER 7=l =




Step 2. Choosing T (1): Rank Test Statistic

Unit Potential Outcomes
Cough Frequency (cfa) Observed Variables
Y;(0) Y;(1) Treatment X; YPPS  rank(YPPS)
1 (3) 3 1 4 3 4
2 (5) 5 1 6 5 6
3 (0) 0 1 4 0 1.5
4 4 (4) 0 4 4 5
5 0 (0) 0 1 0 1.5
6 1 (1) 0 5 1 3
cank L0 TR Diw—1Ri  2iw—oRi
™% =R —R.| = ‘ — ‘ @&mm W —(1,1,1,0,0,0)

Nt N
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Step 2. Choosing T (1): Rank Test Statistic

Table 5.5. Randomization Distribution for Two Statistics for the Honey Data
Jrom Table 5.3

* P-value: 16/20 = 0. 80 Statistic: Absolute Value of
e In16 TOws, Trank > 0.67 Difference in Average

f Wi Wa W3 Wy Ws We Levels (¥;) Ranks (R;)
0 0 0 1 1 1 —1.00 —0.67
« How unusual or extreme is the 0 0 1 0 1 1 —3.67 —3.00
e : 0 0 1 1 0 1 —1.00 —0.67
observed test statistics assuming o o 1 1 1 o 167 =
the null hypothesis is true? 0 1 0 0 1 1 —0.33 0.00
0 1 0 1 0 1 2.33 2.33
f 0 1 0 1 1 0 1.67 1.33
0 1 1 0 0 1 —0.33 0.00
 The null distribution of test 0 1 1 0 1 0 —1.00 —1.00
statistics T"®* under Fisher’ s 0 1 1 1 0 0 1.67 153
, 1 0 0 0 1 1 —1.67 —1.33
sharp null hypothesis D N 0 0 1 0 1 1.00 1.00
¢ The randomness is introduced by 1 o0 1 1 0 0.33 0.00
the assignment vector W ! 0 L o 0 ! —1.67 L=
g 1 0 1 0 Tl 0 —2.33 —2.33
1 0 1 1 0 O 0.33 0.00
There are Cg3 =20 different ! ! 0 0 O ! 1.67 LIS
. ; 1 1 0 0 1 0 1.00 0.67
possible assignment vectors. 1 1 0 1 o o 3.67 3.00
1 1 1 0 0 0 1.00 0.67
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Step 2. Choosing T (2)

» Model-Based Statistics (parametric model) -
good approximations

Y(0) ~ Nlue,06), Yi (1) ~ N(ue, 0f) to distribution of the
: otential outcomes
Tmadel _ ‘Yobs —nbs _ lef P .
|‘°‘r He | under some alternative
logY;(0) ~ N(u, c8), logY- (1) ~ N(ug, 0?) hypothesis
el ﬂml,c ’ MLE of the mean parameter

» The Kolmogorov-Smirnov Statistic (non-parametric model) eiect any
3 ( Yf’"s) _ 7 (bes) differences in

distributions
ﬁc@)_Nc > 1y, and F,(y)_ > Ly,
BHEK R SRR LR i-Wi=0 M i

T% = sup ‘ﬁ:@) a f'”c(y)‘ = max;—1,..N
y




Step 2. Choosing T: A Simulation Study

Tdif (), Tmedian (—), Trank( )

Figure 5.1. Additive model with normal outcomes
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Figure 5.3. Multiplicative model
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Figure 5.2. Additive model with outliers
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Conclusions
» rank-based statistic is an attractive choice:
relatively good power & robust to different
models
the other choices for the test statistics
performed well only in settings that play to
their advantages, at the expense of relatively
poor power in other settings.



Step 2. Choosing T (3): Statistics with

Multiple Components
» Situations, e.g.

O multiple alternative hypotheses of interest: e.g. different
mean, different variance

O two outcomes for each unit: e.g. Honey example

» Can we test each H, / use each T separately and conclude
together based on multiple p-values?

» Possible solution:
TCDII‘]h = g(le TEJ,
1 ?ﬂbﬂ Vs ?Dbs. ! X A _1 ?Dbs - ?Dbﬁ-
e (_gég i | (VeNe+ VN (8T
Yt,Z - YC,Z Yt,l o Y-:,Z
BHERZSA T S5HENZER




Step 3. Computation of P-Values (1)

» Computing exact P-value is very expensive:
N, + N,
N

» An precise approximation can be obtained by simulation

Enumerate ( ¢ ) possible assignment vectors

- randomly choose a subset of K possible assignment vectors

- For each assignment vector obtained, calculate its test statistics

RSN — Y i

- approximate the p-value by large-sample standard error:

K
1
1 7dif & - 7dif,obs — \/p*(l— pH/K < ——
— /i 2VK

The true p-value

L
P=%
k
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Step 3. Computation of P-Values (1)

. o R o R
Unit: N =72 Tfﬂllk — \Rt - Rc~ — ‘Z:.l;’}_l l Z;_]K;_g :’
t c

Table 5.8. P-Values Estimated through Simulation for Honey
Data from Table 5.1 for Null Hypothesis of Zero Effects

e

Number of Simulations P-Value (s.e.)

100 0.010 (0.010)
1,000 0.044 (0.006)
10,000 0.044 (0.002)
100,000 0.042 (0.001)
1,000,000 0.043 (0.000)

RERFSGTSRHREMFER




Step 3. Computation of P-Values (2)

» Under H,, we have
E(Ytobs _ Ycobs) =0,

7ob 7obs) — _N
Var(Yt" S — YCO S) = msz,

where §% = =¥V (v;(1) - 7(1))" = == 2%, (1(0) - 7(0))".

» According to the Finite Population CLT, under H,, we have

Yobs A Yobs
‘ >4 N(0,1),as N » 4+

SZ

N
N¢Nc

17tobs_17cobs

and T% in FEP.

» Since S? is fixed under H,, it is equivalent to use
SZ

N¢N

Reference for Finite Population CLT:

H" ajek, J. (1960). Limiting distributions in simple random sampling from a
ARG 5REERI A & finite population. Publications of the Mathematics Institute of the Hungarian

Academy of Science, 5:361-74.




Step 3. Computation of P-Values (2)

» According to the Finite Population CLT, under Hy, we have

YtObS _ Ycobs p
—-»% N(0,1),as N » +o
N 2
NeNc

» Two-sample t-test assuming equal variance:

YtObS . Ycobs

Ntn_z.

N — 2 - 2
Jmmmwaﬂ3WﬁUﬁU—Wm)+ZM¢&WW—KWﬂ]
» For comparison, we have the expansion
2 2
i _ NiN, ,_ _ L \2
(W=7 = ) (M) -TP) + ) (¥i(0) - Fehs) +=2= (7005 — 7gbs)’.
iwWi=1 i:-W;=0

» With a large N and under H,, the approximate p-value from finite population
CLT is close to the p-value from the classic two-sample t-test assuming equal
variance, which can be calculated by t.test with var.equal = TRUE in R.

RERFSGTSRHREMFER




Step 3. Computation of P-Values (2)

» Similarly, according to the Finite Population CLT, under H,, we have
Ytobs _ Ycobs

-4 N(0,1),as N - 4o

» With a large N and under H,, the approximate p-value from finite
population CLT is close to the p-value from the classic two-sample t-test,
which can be calculated by t.test with var.equal = FALSE in R.

» Similarly,

> The function wilcox.test can compute both exact and asymptotic p-values
based on the rank statistic;

» The function ks.test can compute both exact and asymptotic p-values based on
the Kolmogorov-Smirnov Statistic.

RERFSGTSRHREMFER




Thinking: A Simple Example with 6 Units

Table 5.3. Cough Frequency for the First Six Units from the Honey Study

Unit Potential Outcomes
Cough Frequency (cfa) Observed Variables
Y;(0) Y;(1) W; X; ypbs
(cfp) (cfa)

1 ? 3 1 4 3
2 ? 5 1 6 5
3 ? 0 1 4 0
4 4 ? 0 4 4
5 0 ? 0 1 0
6 1 ? 0 5 1

Results are consistent with intuition?

RERFSGTSRHREMFER




Discussion 1: FEP with Covariates

e (Gain score:

Yi(w) = Yi(w) — Xi,

<

y’obs _ Y;pbs S — {

Y

Y/(0) if W; =0,
Y/(1) if W;=1.

,0b ,ob :
Tgajn I ZE:W;'ZI Y:o ’ N ZE:W;':O Y:G > VS T*dlf — ‘?:}bs . ?gbs
Ny N¢
- w1 (Y7 — Xi) _ 2_iw=o0 (YP* — X;)
Nt NC

. 0 on average (average in what

~0bs ~70bs ~ 7 S
=Y —Y, — SEEE sense?), but not O for each time

RERFSGTSRHREMFER




Discussion 1: FEP with Covariates

 Proportional change:

Y;!(w) _ Yi(w) —

X;
L

obs
Yn,obs . Y P X;

Via

pProp—change _ wpw _ pn

i

 Regression coefficient:

(’BO P ‘BW) = arg

RERFSGTSRHREMFER

Y;(1) — X; Y;(0
forw:(),l,‘ (1) — ©

—X;  Yi(1) - Yi(0)

X; X;

Yobs

Xi

1 yos —x; 1 Z
Ni i Wi=1 X; Ne , i Wi—

Z(Y"bs—ﬁo—ﬁx Xi — Bw - W)

reec—coef e
7rc8 = Pw-

What if the model is wrong?

Is it still valid?

Is it more effective?

What is the causal meaning for
the coefficient?



Discussion 1: The Honey Experiment Data

Unit: N = 72 Table 5.9. P-Values for Honey Data from Table 5.1, for Null

Calculation of p-values: Hypothesis of Zero Effects Using Various Statistics

1,000,000 draws

Test Statistic Statistic P-Value
—_ obs
p=PIT=T"") Tdif —0.697 0.067
T9uant (5 = (. 25) —1.000 0.440
79uant (5 — 0. 50) —1.000 0.637
Tuant (5 — Q. 75) —1.000 0.576
TA-stat —1.869 0.065
This reflects the strong Trank —9.785 0.043
correlation between the Tks 0.304 0.021
prior cough frequency and 7" ™ 3.499 0.182
ex post cough frequency — T¥" —0.967 0.006
Treg-cocf —0.911 0.008
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Discussion 2: Fisherian / Fiducial Interval

Table 5.7. P-Values for Tests of Constant Treatment Effects (Full
Honey Data Set from Table 5.1, with Cough Frequency as Outcome)

Hypothesized P-Value (level) P-Value (rank)

Treatment Effect Tdif Trank HO . Y;(l) = Y;(O) + C fOI‘ I = 1, ¢ oo ,N.
—3.00 0.000 0.000
—2.75 0.000 0.000
—2.50 0.000 0.000
—2.25 0.000 0.000 P = P(T = TObS)
—2.00 0.001 0.000 =
—1.75 0.006 0.078
—1.50 0.037 0.078
—1.44 0.050 0.078 O e .
—1.25 0.146 0.078 L 95% “Fisher” interval for
—1.00 0.459 0.628 the treatment effect
—0.75 0.897 0.428
—0.50 0.604 0.428
—0.25 0.237 0.429
0.00 0.067 0.043 ==
0.06 0.050 0.043
0.25 0.014 0.001
0.50 0.003 0.000
0.75 0.000 0.001
1.00 0.000 0.000
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Neyman’ s approach

HOW TO ESTIMATE THE AVERAGE CAUSAL EFFECT?
FINITE SAMPLE

sy
Aot
il e ) 2 N N
Azl 2 ﬁ —]
c'\"o e \,s; = N
"n S &
vy



Fisher’ s Approach vs Neyman’ s Approach

» Fill in missing potential outcomes based on
Hpy : Y;(0)=Y;(1), fori=1,...,N.
» Limitations:
— The sharp null hypothesis is somewhat restrictive

- Rejecting the null hypothesis itself cannot provide us an
estimator of the unknown (average) treatment effect

» Neyman’ s repeated sampling approach
- Focus on average causal effect instead of unit-level effect
~- Provide unbiased point estimator & interval estimator

- Randommness: considering only finite population first

- randomized assignment of treatments to the units in the sample
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Estimation of Average Treatment Effect

** Causal estimand:
N

1 — _
s = ) (YD) = ¥i(0)) = ¥(1) — Y(0),

i=1

_ i _ 1 O

Y(0) = > Yi0), and Y(1)= > ¥(D).
| i=1

«» Estimator:

%dif __ obs  10bs

DY, > How to express it in terms of Y,(1), Y,(0), W

bs_l b —obs_1
Y= 2T ad VU= )

obs
Yi -
€ i:w;=0 i:W;=1

G BRI S REN LR




Unbiasness of the Estimator

i 1i(W;—-Yf(l)_(l—Wf)-Yf(O))
—~ \ Ny/N N¢/N

Ew[W:i[Y(©0), Y(D] = Prw(W; = 1]¥(0), Y(1)) = N¢/N

>

N
~dif 1 Ew[Wil - Yi(1) Ewll — Wil) - Yi(0)
Ew [ ‘Y(O) Y(l)} N;( N¢/N N/N )
1 N
EZ Yi(1) — Y0)) = .

SR,
-4 .* -‘: g .“u
5":"%(;{:3& E .‘;i : % i % ﬁ%ﬂ : ?
ey 1R = N




Example: The Honey Experiment Data

Unit: N = 72 children
Treatment: a single dose of buckwheat honey
Control: no active treatment
Two outcomes:

cough frequency afterwards (cfa) & cough severity afterwards (csa)
Two covariates:

cough frequency prior (cfp) & cough severity prior (csp)
Completely randomized assignment:

N, =35&N, = 37

pdif _ pO>S _ p = _0.697

C
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Steps for Building Confidence Interval

» 3 steps:

< derive the sampling variance of the estimator for the average
treatment effect

< develop estimators for this sampling variance

< create a large-sample confidence interval for the average
treatment effect

RERFSGTSRHREMFER




The Sampling Variance of the Neyman
Estimator with /V Units (I)

Ny Nt N
E [Wﬂ:E Wil = —t, d VW) =-t.(1-24).
w | W; w [Wil N an w(Wi) N N
Ny N¢e—1
Ew[W; - Wyl = Prw(W; = 1) -Prw(Wy = 1|W; = 1) = — - ———, fori#j,
- N N-—1
Theorem 6.2 The sampling variance of T4 —= ??bs — ?Ebs is
[ =S S
v (?0‘35_?0'35)=_c Ot P
N = No TN N
variance of Y(0) in the finite population varianTce of the unit-level treatment effects in the finite population
N 1 2y _ _
2 _ 0) — ()2, S2 = Yi(1) — Y:(0) — (¥(1) — Y(0))>
Se = nv—7 ;_lﬁ(Y;(O) YO)", Sie= N7 ?:1( (1) — Yi(0) — (Y(1) — Y (0))
1 N 2 N
52 = > (V1) —Y())”", _ 1 . . >
N — 1= = N 1 ;_1 (Yz(l) — Y;(0) — 755) "

variance of Y(1) in the finite population
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Key Steps of the Proof

N N
P _ 1 1
gdif _ yobs _ yobs STWi-yes — ST A —wy -yt
i=1 € i=1

< T N,
Ne .
N N, — lfW,'=1
1 N N : N
= v 2 (W O = g a = wo. Y(O)) o= N—{_f& if W; = 0.
I=

B (o) - (1) )

1 N N ’ Yfr
:rfs—l—ﬁZDE*(Nt Y(1)+E Yi(O))-

; v (7 -7") =V (%VXN:D;--}”L) = Aiﬂ .Ew [(ZN:D,--Y+)2]
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Key Steps of the Proof

N, :
D =W; — — = NNt ﬁ
N s —_— lf WI — .
N-(N—1) =
N Ne ifd = —NN;/N?2
Prw (Di-Dj=d)=¢ N -N—1
Nc-(Nc— 1) .
E D] = 0, — N2 /N2
wlD] = O, NN =D ifd = N2/N
V(D;) = E[D?] = N:Ny/N? L0 otherwise,
Nc'Nt ' .
N ifi =
EW[D5°DJ':|= N¢ - Nc - .
_N2-(N— D ifi£j

) mERRgat SRR R




The Sampling Variance (I): A Special Case

Theorem 6.2 The sampling variance of T4 =Y ¢ s chs LS
2 2 2
~>0bs —obs S S S
vV (y —Y ) A— R
et < No TN TN
va;iance of Y(0) in the finite population varianTce of the unit-level treatment effects in the finite population
N N
1 S 2 2 1 v — 2
2 _ ; . S, = Y;(1) — Y;(0O) — (Y(1) — Y(O
Sc =/ i§=lﬁ(n(0) Y(O)", Sie = 57 I_§=1i( (1) — Yi(0) — (¥(1) — Y (0D)
1 ad 2 N
= > (Y1) — ¥(1))", 1 _ _ 2
N1 = N =1 2 (D = Y@ — 7).

variance of Y(1) in the finite population

If Y;(1) — Y;(0) = 145, Vi, then we have §?,, =0, and thus
- s §?
Vw (Yobs N ?gbs) - Vconst _ 2c 4 Ot
Ne N
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The Sampling Variance (II): Alternative
Representation

1 X _ _
$2 = ——— 37 (vi(1) — Yi(0) — (¥(1) — Y(0)))°

N_l.r,=1
2= L S (no-F0)? £ (71 — F(D))?
) 7 C_N_lg(l()—()), f—N—1;(‘()_())’
Sie =Se+ 87 —2:pic-Sc- St 1 N _ _
;%=(N_L%&.&ggaun—ranwﬁw»—rmn

: =
\4
‘ the correlation coefficient

\% (—obs —obs) Sg S?’ Sﬁ;
W

Ne NN
Nt

i . S2
N - N ¢+

°© 242 . p-Se-S
N - N, t N Prtc c t




The Sampling Variance (II): Alternative
Representation

- b N, N, 2
VW(?fs_?gs) =N-;vc'SE+N-?V.»_'S‘2+§°’9“"S"'S"

52 ©) —Y(0)°, 5= (1) — ¥(D)?,
1 N
correlation coefficient |pre = x—yTo g ; (Yi(1) — Y(D) - (Yi(0) — Y(0))
» Reach minimum when p;, = —1
bs bs Nt ) N¢ 2
Vi (70 = 7o pie = —1) = NN Sty S S S
» Reach maximum when p;. =1 X
bs +>70bs N 2 2 z SZ Stz (Sc - St)
Vw (70— 7| pe=1) = 52 5 S¢Sy = 26 - .
w C Pt N - Nc N Nt t N t Nc + Nt N
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Summary for Var(t4)

» Without additional assumptions, we have

Vw (??bs - ?Obs) = S% -+ S? SIZC

c s __ ==

N. N N

Nt 2 Nc 2
— .S .S
N - N. C+N-Nt £

ﬁ - Ptc

» With an assumption: Y;(1) — ¥;(0) = 14, Vi, we have

2 2

—o0bs —o0bs const S S
VW(Y" -Y )—_‘V =< 4 £
$ < N. N,
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Estimating the Sample Variance (I}

Theorem 6.3 If the treatment effect Y;(1) — Y;(0) is constant, then an unbiased estimator

for the sampling variance is 5 5
~ S7 S7
Vneyman . _c _I_ I
Nc Nt
1 bs) 2 1 bs 2
2 —0 S bs -0
D Sl (OB O WL S
Ne =1, w20 Ne =1 .%o
2 — 1 (Y (1) — I_’Obs) 1 Z (Yobs ?obs)2
t L i T t
Ne — 1,52, Ne — 1,524

P -

- 1 1
Vconst — 2. (_ _)
AN T v
1

52=N_2-(2 (Ne — 1) +s7 - (V¢ — 1))

=3 1_ 5 - (i;;:o (Y?bs _ 17ng)2 N Z
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Estimating the Sample Variance (II)

A pre-specified p,.leads to the estimate below:

~ Nt Nc 2
VP = s2 . + 57 - I R
c N .- Ne NS N, Prtc c t N
—obs . 1 bs obs)) 2
= —1 :WZ_O (YI(O) N ) - Ne—1 i:W;=0 (Y:) e )
S}?' _ 1 (Y (1) — ?obs) _ 1 (Y?bs . ??bs)z
Ny — 1 i W, Ne — 1 i:Wi=1
Provide a proper up-bound ‘ Specify p;. = 1
T
A Nt 2
me—l _ SZ i 4+ 52 + 5
€ N-N. ' N. N,_ €
L i 4 i o (sr — SC)2
N¢ N¢ N
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Summary for Var (£9¥)

» Without additional assumptions

conservative
2 2 2 2
—0bs —o0bs S S S ~ S
\V4 (Yo Y )=_C Yt Y, \yneyman __ “Tc nd 2 —
Ny > 5 2 e
— -5 - S; -Se -85, i 5 VR
N - N. - T N - Nt + — N - Prtc c t igliﬁ‘t
~ N¢ 2
VPe=l = 52. + 57 + Sc —
conservative © N -Nc N - Nt
] 52 57 (st —s0)?
N¢ N N

» With an assumption Y;(1) — Y;(0) = ¢, Vi,

. (?obs - ?obs) __yeonst S_g n S_rzunbiased reonst __ (_ 4 _)
c Nc N
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Confidence Intervals

Based on a normal approximation to the randomization distribution of $4
Crl' (o) = (89 + 202 - VYV, 29 + 2102 - VYY)

* .
an estimate of the sampling variance of ¢/ | e.g.,

w@neyman — ﬁ 4 i @const _ S _|_ S
Nc Nt o
~ N
Prc=1 — 2 . t 2 - —
v S NN TS NN, TSy

 E.g., confidence interval when a = 0.10

C1990(7¢) = (%dif —1.645 - V¥, 29if 4 1. 645 . \/5)
BRRZESGTEBERER




Testing

Neyman approach

N
1
Hy™ ™ ~ § (Yi(1) — Yi(0)) = 0, and
=

1 N
HEEYman . = > (Y1) — Yi(0)) # 0.

i=1
+Obs +Obs
e Y — ¥
T-statistics: t = —Lt— 5
\/Vneyman

Fisher approach (Exact P-Value)
HEsher - y;(1) — ¥;(0) =0 foralli=1,...,N,
Hisher . y.(1) — ¥;(0) £ 0 forsomei=1,...,N.
—o0bs —0bs

Test statistics: 7% = Y7 — Yo
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Example: The Honey Experiment Data

Unit: N = 72 children

Treatment: a single dose of buckwheat honey

Control: no active treatment

Two outcomes: Neyman’ s 0.062
cough frequency afterwards (cfa)

Completely randomized assignment:
N; =35&N, =37

Fisher’ s 0.067

pdif — PO _ ¥ = _0.697

A 2 s2 2 5t (e—=s507

Vneyman — _C —+ —t.,’:s 0139 @sz — S_C S_‘ — St SC) =~
- g N 0.139

N,
Trconst 2 1 1
A\ = §° - . -+ N_t ~ (0.139
c

CI*(zg) = (29 — 1.645 - V'V, 290 4 1.645 - V'V) ~ [~1.31,-0.08]
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Neyman’ s approach

HOW TO ESTIMATE THE AVERAGE CAUSAL EFFECT?
SUPER POPULATION

Aot
o W ) N o A
Ao e ) B Y
Aiia X2l B =
RGO \” N
"n S &
vy



Fisher’ s Approach vs Neyman’ s Approach

» Fill in missing potential outcomes based on
Hpy : Y;(0)=Y;(1), fori=1,...,N.
» Limitations:
—~ The sharp null hypothesis is somewhat restrictive

- Rejecting the null hypothesis itself cannot provide us an estimator
of the unknown (average) treatment effect

» Neyman’ s repeated sampling approach
- Focus on average causal effect instead of unit-level effect
- Provide unbiased point estimator & interval estimator

—~ Consider two layers of randomness:
- repeated sampling from the population

- randomized assignment of treatments to the units in the sample
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Super Population Average Treatment
Effects

N

1
T = ; (Yi(1) — Yi(0)) === > z5p = Egp [¥i(1) — Yi(0)]
Esp [76s] = Esp [Y(1) — Y(0)] ZEsp [Yi(1) — Yi(0)] = 7gp

02 = Vp(Yi(0)) = Esp [(Y:(O) — Ep[Yi(0)?
of = Vep(Yi(1) = Egp [(¥i(1) — Egp[¥i(1))?

02 = Vi (Yi(1) — Yi(0) = Eg[(Yi(1) — Yi(0) — 76p)?]
Vsp(Trs) = Vgp (?(1) — ?(0)) — O}%/N

:__“.““..“ \
& o a,
) BRI SRR R
Azie 320
% RS H \ Al




Inference for Population Average
Treatment Effects

P Is the estimator t9Y unbiased?

» To build the corresponding confidence interval, what
should we get?

Vip = Vip (24) = 2

& % Y

[l )FE: > > o A

N )

Vomrd 18 = — N




Inference for Population ATE

vV (%djf) — :(I—,:}b o I—,obs B [ obs . ?gbs] )2]

K o o 2
_E (?fb — Y —Eg [Y(1) — Y(O)]) ]

—E (?ﬁ"’s — Y — (Y(1) — Y(0)) + (Y(1) — Y(0)) — Egp [¥(1) — Y(O)]) ]

_ [ —0bs . —0bs - =7 i YyeoyYy | . 0'(;2 a'tz JI;_(':
—E | (7 -7 - @) - 7o) } »oZ o7 ot

+ Esp [( (Y(1) — Y(0)) — Esp [Y(1) — Y(0)] )2] = Vp(t5s) = Vgp (Y(1) — ¥(0)) = 02/N
+2-1B [(7‘3"5 — 7 (Y1) — Y(O))) (Y1) — Y(0)) — Egp [F(1) — Y(O)])]

E [(71“’ — Y — Y1) — ?(0)) 2}

= Esp |Ew [ (??bs — YY) —Y

Based on Theorem 6.2

o]

ety v e 0
) BEAEgGrSEENER N Mo N




Inference for Population ATE

v (%djf) - -(I_’?bs _?2b _ [ 3obs _?gbs])z]

— _ 2
— R (?:)bs o I—,::)bs . Esp [Y(l) — Y(O)]) ]

=E (?ﬁ"’s — Y — (Y(1) — Y(0)) + (Y(1) — Y(0)) — Egp [¥(1) — Y(O)]) ]

_ —0bs . —0bs - e i E727 0 2 1 I 0-3 a'tz o't%_
—E | (7 -7 - @) - Yo») } »oZ o7 ot

1

+ Egp | (YD = ¥(O) — Esp [Y(1) — FO])?]| -+ ol = Yi(0) — rsp)*1 = %ch

+2-E (7™ -7 — (P — Y(@)) - (FD — ¥(O) — Esp [F(D) — ¥O])]---+0

(',r 2 2
Ve = Vap (49) = 32 S - T
t
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Summary
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Summary

» FEP and Neyman’ s approach have different inference
goals.

» FEP
» Hypothesis testing only, no average causal effect estimation
» Exact null distribution: approximation by simulation

» Statistical power is the standard for choosing statistics

» Neyman’ s Approach
» Finite sample
» Unbiased estimator
» Confidence interval: valid, effective
» Super population: two layers of randomness

s,  Limitations: how to incorporate covariates?
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Reference

» Reference: [T1] Chapter 5, 6
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The Sampling Variance (I)

Theorem 6.2 The sampling variance of T4 =Y ¢ c IS
2 2 2
~>0bs ~>0bs S S S
\ (Y Y ) — 2c 4 2t _
WAt % Ne TN TN
va;iance of Y(0) in the finite population varianTce of the unit-level treatment effects in the finite population
N N
1 2 2 1 = — 2
2 — . S . S S
Se = 53 §i_l:(n-(0) —Y(®)", S = N7 I_E_li(Y,.(l) Y;(0) — (Y (1) — Y(0)))
1 N 2 I_V
= (v:(1) — Y(1))~, 1 2
t N—lg —N_li_gl(Yf(l)—}"f(O)—rfs).

variance of Y(1) in the finite population
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Proof for
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The Sampling Variance (II): Alternative
Representation

b b N, N, 2
Vw(]_f?s—l_’gs)= : SE—I— < 'S?'—I——'prc'Sc'S;.
N'Nc -

$2= ! i(y- 0) — Y(0)> 2= ! i(r(l) —Y(»)?

C_N_1i=l 1()_ () ’ I_N_1i=1 i -
| N

or— (Y:(1) — Y(D)) - (Yi(0)) — Y(0))
: (N_l)'Sc'Sr;

1
v

the correlation coefficient

5 = )
g 28 3= 2 > o &
12, .5;: £ ﬁ £ — N




Ver () = Vinl 7 £ 109:) = E[188)]

Proof for (II)  _ o s ff” 0]
*ch] ch[-fr_gai}’*ﬁ J

x fw—:)f{ré‘“ Ym-w o) - 73 > (o) fg o+ “”)}
5 1% " ‘,( \Vﬁ %;(f@?ﬁ T

0% &)
LA Yo Wk

()N = 0ho-0) + M’;-— ("’) A/ >(fea- Yoo

N
+ M [ . % : fm,,) .25}'{07’@-—1‘1"[\&‘(!} ;‘Io)-f Y0) *ga)]}

N

N ’ —-L}- (o) ,L _,/_ Y A ", ;‘O—o

e TES S0-Yoy+ —ﬁ [Y[D)ZY + N zb(f(;>Y(>szpyz>)
St Sc @C-S’C&t

Nt N/,\'CNtC'S:—;- %'(’tc‘go'gt “
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Ne

i
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