Linear Regression Analysis

Lecture 3-
Model Assumptions and Diagnostics
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Outline

» 1. Model Assumptions

» 2. Diagnostics to Check Model Assumptions

> 2.1 Diagnostics concerning X

> 2.2 Diagnostics using the residuals



Simple Linear Normal Error Regression Model

» Observe cases

> Y; = it" response or outcome variable
> X; = it" explanatory or predictor variable

» Assume
Yi = fo + B1X; + ¢

> [, 1s the intercept, 3, 1s the slope
> &; 1s a normally distributed random error term
> E(g;)) = 0and Var(g;) = 02(¢g;) = o2 (constant variance)

> &4, &y, ..., &y are Independent



Fitted Regression Model and Residuals

> Yl - bo + b1Xi
> by 1s the estimated intercept
> by 1s the estimated slope

» e;: residual for the i*" case

> e =Y, =Y, =Y, — (b + by X;)




Assumed Features of the Model (LINE)

» Mean of Y; is a linear function of X;
> E(Y;) = By + B1X; (linearity)
» &,&,...,&, are independent  (independence)
» &, &y, ..., &, are normal distributed
> 1,89, ., Eq~ N(0, %) (normality)
» Variance of Y; is constant, not dependent on X;

> Var(Y;) = o* (equal/constant variance)

1.2
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Diagnostics and Remedies

12Hh

» Diagnostics: Use visualization tools (graphs) and/or formal procedures to

check whether the assumptions of the model are violated

» Consequences of violations
> Inference results cannot be trusted
> t tests, F tests, P-values not correct
» Coverage of confidence intervals off
» Remedial Measures:

> Use transformation and other methods to fix/adjust for the problems

> Change to different models/analytic strategies to accommodate violations
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ook at the Data

» Before trying to describe the relationship between a response
variable (Y) and an explanatory variable (X), we should look at

the ‘distributions’ of these variables
» We should always look at X

» IfY depends on X, looking at Y alone may not be very

informative — looking marginally at Y is a common mistake



Diagnostics for X

» Though no particular or explicit assumptions are imposed on X,
the “distribution” or design of X 1s important

> If X has many values, use ‘summary’ to get numerical

summaries (e.g., mean, median, quartiles)
> If X has only a few values, use ‘table’ to get counts
» Examine the “distribution” of X 5> Good design not only leads to

> Is it skewed? more power in statistical
inference, it also ensures the
validity of the whole process

> Bad design does the opposite

» Are there extreme values?

» Can inflate variance or influence trend



Trend in Order

» Sequence plots can be useful for

identifying potential problems

with independence

> plot(lotsize)
> lines (lowess (lotsize),

col = ‘red’)




Notes on Confounding

» Do the values of X depend on time (i.e., the order in which they were

collected) or other types of order ?
> Suggests possible confounding factors
» Confounders may alter the relation between X and Y

» Were any important predictors excluded from the model?



Important Statistics

... 1S a measure of

» Mean - Location
» Standard deviation - Variability
» Skewness (1 FE) - The lack of symmetry

> Kurtosis (IJ¥) Heavy/light-tailed relative

to a normal distribution
» Range - Spread




Skewness

» g, <0 : skewed left- the left tail is long relative to the right tail
» g, > 0 : skewed right- the right tail is long relative to the left tail

The distribution of age of deaths

The distribution of scores
on a difficult exam



(RTASE FUINEL
P
A
FoisF
#ERIEE

EEmERalRi?




Measures of Central Tendency

» The mean, median, and mode are all equal in the normal distribution
and other symmetric distributions

» Generally:

> Right-skewed > Left-skewed
Mode Mode
\Median Median /

\I‘v‘lean Mean /




Skewness: Key Takeaways

» Its sign reflects the direction of skewness

> Distributions can exhibit right (positive) skewness or left (negative)

skewness to varying degrees
» It compares the sample with a normal (symmetric) distribution
> Skewness is the degree of distortion from the symmetrical bell curve
> Values far from zero suggest a non-normal (skewed) population

» If the data are multi-modal, it may affect the sign of the skewness




Kurtosis

» How far rare measurements scatter from the mean

» g, = 0 for a normal distribution

» g, 1s sometimes referred to as the excess kurtosis, where the

term kurtosis i1s defined as:
1 «n _

my n Zizl(xi - x)*

Gz = =

_mZ 1 _ 2
P (FEna - 22)

» When using software to compute the sample kurtosis, you need
to be aware of which convention 1s being followed



Kurtosis: Leptokurtic(4RIEEZ) or Platykurtic({ifIEEZS)

» g, > 0:aheavy tail distribution, called a leptokurtic

distribution, where “lepto-" means "slender”

» g, < 0:alight tail distribution, called a platykurtic

distribution, where “platy-" means "broad”
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Kurtosis: Common Misconceptions

» 1. Kurtosis is defined solely in terms of peakedness, with no
mention of the importance of the tails

> Tailedness and peakedness are both components of kurtosis

» 2. The relation between the peak and tails of a distribution with
excess kurtosis is described or illustrated incorrectly

> Positive kurtosis indicates peakedness and heavy tails and
negative kurtosis flatness and light tails

» 3. Descriptions and illustrations of kurtosis fail to distinguish
between kurtosis and the variance

> The kurtosis measure 1s scaled with respect to the variance, so
it 1s not affected by it (it is scale free). Kurtosis reflects the
shape of a distribution apart from the variance



Kurtosis: Examples

» D: Laplace distribution, also known
as the double exponential
distribution, red curve

» S: hyperbolic secant distribution,
orange curve

» L: logistic distribution, green curve

» N: normal distribution, black curve

» C: raised cosine distribution, cyan
curve

» W: Wigner semicircle distribution,
blue curve

» U: uniform distribution, magenta
curve



Kurtosis: Usefulness

» Super-Gaussian: leptokurtic distributions including the Student's ¢,

Rayleigh, Laplace, exponential, Poisson and the logistic

» Sub-Gaussian: platykurtic distributions including the continuous or

discrete uniform, and the raised cosine

> The most platykurtic distribution: Bernoulli (1/2)
(a coin toss), g, = —2

» Application: Kurtosis risk. When analyzing historical
returns, kurtosis can help an investor gauge an asset's
level of risk




W
E;
i

199

EEESRRINAERIREYET, HTREMEXCHERRE,

(R RIS AR R RIED TRHIE—1?
J7E{FRUERY
JESRUERY
&BATLARE
ZNE=



Kurtosis: Key Takeaways

» Whereas skewness differentiates extreme values in one versus the other tail,

kurtosis measures extreme values in either tail
» It compares the sample with the standard normal distribution

> Distributions with large kurtosis (leptokurtic) exhibit tail data that are

generally more extreme than the tails of the normal distribution

> Distributions with low kurtosis (platykurtic) have a lower likelihood of

extreme events as compared to a normal distribution



2.1.1
TS24

Notes: Why Compared with Normal Distributions

» Regression model does NOT assume that X comes from a single

Normal distribution
> X can follow any distribution
> Or simply, we see X as fixed (notar.v.)

» Regression model does not state that Y comes from a single Normal

distribution

> Assume (Y|X;) is Normal

» In some cases, however, X and/or Y may be Normal and it can be useful
to know this



Example: Toluca lot size

> attach (toluca)
> summary (lotsize)

Min. 1st Qu. Median Mean 3rd Qu. Max.
20 50 70 70 90 120

» Quartiles- divide a rank-ordered data set into four equal parts
» The interquartile range (IQR) = Q3 — QI



Moments

» install.packages ("moments")

25
70 1750
28.7228 825
-0.0969 -1.106
142300 19800




Location and Spread

70.00000

28.7228

70.00000

825.00000

90.00000

100.00000

40.00000




Stem-and-Leat Plots

> stem(lotsize)

The decimal point is 2
digit(s) to the right of the |

0233344
0]55567778889999
1100112

> stem(lotsize, scale = 3)
The decimal point is 1 digit(s)
to the right of the |
210 80 399 20 113
| 30 121 110 435
31000 50 221 100 420
4100 90 376 30 212
51000 70 361 50 268
610 60 224 90 377
71000 120 546 110 421
8| 000 80 352 30 273
9 0000 S0 157 40 244
}(1) | 88 40 160 80 342
| 70 252 70 323
1210 90 389




Box Plots

» The spacings between the different parts of the box help indicate the degree
of dispersion (spread) and skewness in the data and identify outliers




Box Plots

» The whiskers extend to the most extreme data point which 1s no more
than 1.5 times the interquartile range from the box

> boxplot (lotsize)

> boxplot (x, range=0)
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Histogram Plots

> hist (lotsize)

> hist(lotsize, freg=F)
> lines (density(lotsize),col="'red")




Quantile-Quantile Plots, Revisited

» General quantile-quantile (Q-Q) plot
> F and G be the CDFs of two distributions

» F~1 and G~ the inverse CDF or quantile functions

F~'(p) = inf{y: F(y) = p}

> The Q-Q plot plots F~1(q) against G"(q) for0 < g < 1

y

The pairs are 10% full, 50% full, 80% full
CDF=0.1, 0.5, 0.8...




Normal Quantile Plots

» Normal quantile/probability plot is to plot sample quantiles (order statistics)
against standard normal quantiles

> Sample: X4, X5, ..., X,,.

> Order statistics: The realized quantiles X1y < X5y < -+ < X(p),
correspondingtop = 1/n,2/n, ..., n/n

» Z scores: Quantiles of standard normal distribution, Z; = ®~1(p,),
where p; = (i — 0.5)/n fori=1,2,...,n

> The normal probability plot: Plotting X (i) versus Z; fori=1,2,..,n

» If a sample can be considered drawn from a normal distribution, we expect
to see the points roughly follow a linear line:
X(l) = U+ O'Zi

> Departure from a linear line indicates departure from normality




QQ Plots: Applications Xpy =H+oaz

» Can also reveal the shape of the underlying
distribution, such as long/short tails, skewness, etc

» KNNL plots X ;) against sZ;, which does not alter
the nature of the plot

ggnorm(lotsize)
ggline (lotsize, col = ‘red’)



Diagnostics Using Residuals

> Recall residuals e; = ¥; — ¥; = Y; — (by + b, X;)
» Show model fit and approximate error term ¢;
» Can be used for multiple diagnostic purposes:
> Is the linear model/relationship appropriate?
> Is the error variance constant?
> Are the errors normal?
> Are the errors independent?

» Are there outliers?

2.2
IR E



2.2.1
5 S

Is the Relationship Linear?

» Plot Yl VS Xi
» Plot e; vs X; or Y; (residual plot)

» Residual plot better emphasizes deviations from

linear pattern

» Recall Lecture 2 plots of scatterplot and residual plot
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2.2.1

R Code: Synthetic #1 LMEXR

» Generates data set where Y = X2 — 10X + 30+ ¢

» Errors are Normally distributed with 0 = 25

> x = seq(l, 30, by=1)

> n = length (x)

>y = x*2 - 10*x + 30 + 25*rnorm(n)
> al00 = data.frame(x, V)

> fitl = Im(y ~ x, data=al00)

> anova (fitl)

> summary (fitl)




Output Y=X% —10X+30+¢

Analysis of Variance Table

Response: y

Df Sum Sq Mean Sq F value Pr(>F)
X 1 1016230 1016230 182.52 8.658e-14 ***
Residuals 28 155898 5568

Coefficients:

Estimate Std. Error t value Pr(>|t))
(Intercept) -138.179  27.942 -4.945 3.22e-05 ***
X 21.264 1.574 13.510 8.66e-14 ***

Signif. codes: 0 "™**'(0.001 "**' 0.01 "*' 0.05"'0.1"'"'1

2.2.1
5 S



R Code: Visual Checks

> plot(y ~ x, data=al00)
> abline(fitl)

Scatterplot with
regression line

2.2.1
5 S



2.2.1
5 S

> scatter.smooth (x, V)

Scatterplot with
smoothed curve




> scatter.smooth(x,fitlSresiduals)

> abline (h=0)

Res idual

200

Residual plot
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2.2.2
BEE

Does the Variance Differ across X ?

» PlotY; vs X;
» Plot e; vs X; or ¥,

» Plot of e; vs X; will emphasize problems

with the variance assumption



R Code: Synthetic #2

» Generates data set where Y = 30 + 100X + 10X¢
» Errors are Normally distributed with ¢ = 10X

V V V V

vV V

x = seq(l, 100, by=1)

n = length (x)

y = 30 + 100*x + 10*x*rnorm(n)
al00a = data.frame(x, V)

fit2 = Im(y ~ x, data = al00a)
anova (fit?2)
summary (£1t2)

2.2.2
EFHE



Output

Y =30+ 100X + 10Xe

Analysis of Variance Table

Response: y
Df SumSq Mean Sq F value Pr(>F)
X 1 845726258 845726258 2431.1 <2.2e-16 ***

Residuals 98 34091704 347875

Coefficients:

Estimate Std. Error t value Pr(>|t|)
(Intercept) 71.299 118.852 0.60 0.55
X 100.746 2.043 4931 <2e-16 ***

Signif. codes: 0 "™**' (0.001 "**' 0.01 "' 0.05"."0.1"'"'1

2.2.2
BEE



R Code: Visual Checks

» Scatterplot with smoothed curve

» Residual plot

2.2.2
BEE

> scatter.smooth (x,vy)

> scatter.smooth(x, fit2Sresiduals)

> abline (h=0)

Residual
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2.2.2

What’s the Concern? FEFM

» Since
> Trend appears linear
» Estimates close to the truth

» Why is non-constant variance an issue here?

» Answer:

> Inference including testing, CI, prediction can be off, wrong,
or difficult to do

> Estimation 1s not the most efficient



EXRER 104>

RN RIERBRROER, A4 _
Y =30+ 100X + 10Xe
HIBIFR, by ~ By =100, [0 by A By = 30 FNERIFFEK?

Coefficients:

Estimate Std. Error t value Pr(>|t|)
(Intercept)| 71.299| 118.852 0.60 0.55
X 100.746 2.043 49.31 <2e-16 ***

Signif. codes: 0 "***' 0.001 "**'(0.01 "*'0.05'.'0.1""'1




2.2.2

Testing the Assumption of Equal Variances Bevmcll

» Goal: To test if k samples are from populations with equal variances
» Bartlett’s test (likelihood ratio test, y2, sensitive to departures from normality)
-» Levene's test (Z;; = |V;; — ¥i|)

> Monotonous, sample with greater dispersion will have observations with larger
absolute deviations from center, t or ANOVA

_ > Brown-Forsythe test (Z;; = |Yl- i Yl|, robustness)

> Levene with trimmed means better for symmetrical but heavy-tailed

distributions, B-F (median) better for skewed ZTa = ag + a1 Zg + - + ayZs,

» Breusch-Pagan (test 6 = h(Z] a), h(-) shall possess first and second derivatives

» Hy:ay = -+ = a; = 0. Under Hy, of = h(Zl-Ta) = h(ay) = o2 hTakeZasX, 1
= exp,p =

SSE
n

. 2
> Test statistic: LM = SSZR /( ) ~ y%(p), SSR*: regression e upon Z)



2.2.3
IESME

Assessment of Normality

» Look at the distribution of residuals

> Can look at them together because E'(¢) = 0 (unlike Y’s)
» Common to use eye-test

> Scatter 1n residual plot

> Box plot

> Histogram

> Normal quantile plot



2.2.3

Histogram Example: Toluca TEAH

> reg = 1lm(hours~lotsize, data=toluca)

> resid = resid(req)
The assumed normal density vs The fitted density

» Bell-shaped?
» Symmetric?
» Can often fit Normal curve on

top of histogram to assess fit



2.2.3
IESME

Tests for Normality

» H,: data are an 1.1.d. sample from a Normal population
» H,: data are not an 1.1.d. sample from a Normal population

» KNNL (p 115) suggests a correlation test that requires a table look-up

based on relationship between observations and normal scores

qgp <- ggnorm(resid)
cor (qgp$x, qapsy)




2.2.3
IESME

Tests for Normality

» R has several choices for the formal
significance testing procedure

» Four common procedures

» Shapiro-Wilk (coefficient of correlation)
» Kolmogorov-Smirnov Dn = Sl;pan (x) = FCo
> Cramér-von Mises T=n j (Fu(x) — F(x))” dF (x)

> Anderson-Darling A2 = n f ) (F(x) — F(x))zw(x) dF (x)

» Shapiro-Wilk is most common choice 1

W) = F D = Fe)




2.2.3
IESME

Shapiro-Wilk Test

» In statistical hypothesis testing, data are tested against the null
hypothesis that it is normally distributed

> shapiro.test (resid) # Shapiro-Wilk test

Shapiro-Wilk normality test

data: resid » Has the best power

W =0.9789, p-value = 0.8626 » Sample-size biased

No obvious deviations from normality as
P-values are greater than 0.05



2.2.3
IESME

Recap: Are the Errors Normal?

» The real question is whether the distribution of the errors is far enough away

from Normal to invalidate our confidence intervals, significance tests, etc
» Look at the residuals’ distribution
» Use a Normal quantile plot

» Be wary of tests of Normality



2.2.4

Are Errors Dependent? S

» Usually we see this in a plot of residuals vs time order (KNNL)
» Pattern usually a linear or quadratic trend and/or cyclical

» Observations not independent

X: diameter of a weld
Y: shear strength of the weld

If you are interested read KNNL pgs108-110



2.2.4

Tests for Dependence e

» Durbin-Watson test for serially correlated errors/randomness (KNNL p. 114,
p. 487 Section 12.3)

g = p&_1 +u; where =1 < p < 1, u;1.i.d ~N(0,0%)
Nle. —e: 2
d:ZZ(l 21 1) %2(1—,5)6(0,4)
> e;
> Require the use of tables. Rule of thumb: d € (1.5, 2.5) is relatively fine;
d < 1 ord > 3 shall be a definite cause for concern

» Ljung-Box test for a time series tests the randomness of “overall” (a number
of lags) instead of at each distinct lag

~2
Pk Ho 2

h
Q=n(n+2)kzln_k = X(h)

> pZ: the sample autocorrelation at lag k
» h: the number of lags being tested




2.2.5

Are There Outliers? HEHE

» Model estimates based on means and sums of squares

> These numerical summaries are not robust to outliers
» PlotY; vs X;
» Plote; vs X; orY;

» Plot of e; vs X; should emphasize on outliers



2.2.5
EEHE

R Code: Synthetic #3

» Generates datasetwithY = 30+ 50X + ¢
» Errors are Normally distributed with ¢ = 200

> x =seq(l, 100, by=5) # With Outlier

> n = length(x) > fit3 = Im(y~x, data=al00bl)
> y =30+ 50*x + 200*rnorm(n) > anova(fit3)

> summary(fit3)

> x =c(x, 50)
> y = c(y, 30+50*50+10000) # Without Outlier
# the last pair is the outlier > fit4 = Im(y~x, data=al00b1[-(n+1),])

> anova(fit4)
> al00bl = data.frame(x, y) > summary(fit4)




2.2.5

With Outher  |y=30+50x+¢ | | s=2237 SR

Analysis of Variance Table

Response: y
Df Sum Sq Mean Sq F value Pr(>F)
X 1 44475362 44475362 8.8859 0.007679 **

Residuals 19 95098399 5005179

Coefficients:

Estimate Std. Error t value Pr(>|t|)
(Intercept) 458.98  973.92 0.471 0.64281
X 51.72 17.35 2.981 0.00768 **

Signif. codes: 0 "™**' 0.001 "**' 0.01 "' 0.05"."0.1"'"'1




2.2.5

Without Outlier Y= 30+50X + ¢ s=185.8 ]

Analysis of Variance Table

Response: y
Df Sum Sq Mean Sq F value Pr(>F)
X 1 43010130 43010130 1245.7 <2.2e-16 ***

Residuals 18 621474 34526

Coefficients:

Estimate Std. Error t value Pr(>|t|)
(Intercept) 26.235 81.311 0.323 0.751
X 50.863  1.441 35.295 <2e-16 ***

Signif. codes: 0 "™**' 0.001 "**' 0.01 "' 0.05"."0.1"'"'1




2.2.5
HEHE

R Code: Visual Checks

> plot(y ~ x, data=al00bl)

> abline (£1t3) > abline (fit4, col='red’)



2.2.5

> plot (fit3$residuals ~ x, data=alO0bl) HEHE

> abline (h=0)

8000



2.2.5
HEHE

Ditfterent Kinds of Outliers

» The outlier in the last example influenced the intercept

but not the slope
» It inflated all of our standard errors

» Here 1s an example of an outlier that inf/uences the slope



R Code: Synthetic #4

» Generates datasetwithY = 30+ 50X + ¢
» Errors are Normally distributed with ¢ = 200

> x =seq(l, 100, by=5)
> n = length(x)
> y =30+ 50*x + 200*rnorm(n)

> x =c(x, 100)
> y =c(y, 30+50*100 -10000)
# the last pair is the outlier

> al00cl = data.frame(x, y)

# With Outlier

> fit5 = Im(y~x, data=al00c1)
> anova(fit5)

> summary(fit5)

# Without Outlier

> fit6 = Im(y~x, data=al00c1[-(n+1),])
> anova(fit6)

> summary(fit6)

2.2.5
HEHE



2.2.5
HEHE

With Outlier
Y= 30 +50X + ¢ s=2111

Analysis of Variance Table

Response: y
Df Sum Sq Mean Sq F value Pr(>F)
X 1 12008430 12008430 2.6947 0.1171

Residuals 19 84668824 4456254

Coefficients:

Estimate Std. Error t value Pr(>|t|)
(Intercept) 861.83 903.49 0.954 0.352
X 25.04 1525 1.642 0.117

Signif. codes: 0 "™**' (0.001 "**' 0.01 "' 0.05"."0.1"'"'1




2.2.5

Without Outlier R

Y =30+50X +¢ s=185.5

Analysis of Variance Table

Response: y
Df Sum Sq Mean Sq F value Pr(>F)
X 1 4301013043010130 1245.7 <2.2e-16 ***

Residuals 18 621474 34526

Coefficients:

Estimate Std. Error t value Pr(>|t|)
(Intercept) 26.235 81.311 0.323 0.751
X 50.863  1.441 35.295 <2e-16%**

Signif. codes: 0 ™**' 0.001 "**' 0.01 "' 0.05"."0.1"'"'1




2.2.5
HEHE

> abline (fithH) > abline (fi1t6 , col='red')

R Code: Visual Checks

> plot(y ~ x, data=all00cl)



2.2.5

> plot (fitbSresiduals ~ x, data=al00cl) HEHE

> abline (h=0)
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Objectives

» Understand why we need to check the assumptions of our model.

» Know the things that can go wrong with the linear regression model.

» Know why and what we check for X.

» Distinguish between left and right skewness.

» Distinguish between a leptokurtic distribution and a platykurtic distribution.

» Know what box plots, histogram plots, normal quantile plots are and how to use them.
» Know how we can detect various problems with the model using a residuals plot.

» Undertand the ideas of significance tests for equal variances.

» Undertand the ideas of significance tests for normality.

» Undertand the ideas of significance tests for dependence.

» Detect outliers and pay attention to their influence to regression results.



Homework

» Prob-1. KNNL 3.7 (For part b, instead of a dot plot required there,
please draw a histogram.)

» Prob-2. Please comment on the title of the news.



Background Reading

» We have learnt through 3.1~3.6
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