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Topic 1: Estimation and

Prediction about Y

CH 5347



Outline

A typical ' lysi
» 1.1 Estimation and Inference of E(Y) ypical ICgIessIon analysis

involves the following steps:

» 1.2 Prediction of a New Observation of Y 1. Model formulation

2. Model estimation

» 1.3 Confidence Band for the Entire Regression Line | 3. Model evaluation

4. Model use




1.1 E(Y)
) T

Estimation of E'(Y3)

» At X = X;,, the mean response E(Y},) is

up = E(Y) = Bo + B1Xn
» We estimate E(Y}) by
fin = b + b1 Xp,

» Note: KNNL uses Y}, for fi,,, see Equation (2.28) on page 52

» We use [ij, to emphasize that it is an estimator/estimate of an induced

parameter, that is the mean response at Xj,



1.1 E(Y)
) T

Theoretical Properties of [ij

» Unbiased:

E(fy) = up E(bg + b1 Xp) = Bo + B1Xn

» Minimum Variance: i, = by + b, X,
1 (X —X)? =

0.2 o — 0.2 —+ _
) = Rt S =12

Cov(Y,b;) =0

» Under 1.1.d. normal error terms:
fn~N(tn, o*())
» The normality of fi;, comes from the normality of by and b;; see KNNL
Pages 52-54 for details



Inferences Concerning u, = E(Y,)

» Estimate (/i) by

1 (X, — )?)2
2(5 —_ 2 _ _|_ —
» It then follows that

N

Hh — Hn
s(An)
» Based on the results, significance tests and confidence intervals
for u;, = E(Y}) can be obtained. For example, 100(1 — a)% Cl is

~t(n—2)

fn £ th_21-a/2 S(n)

1.1 E(Y)
) T



Toluca Company Example Revisited

» Manufactures refrigeration equipment
» One replacement part manufactured in lots of varying sizes

» Company wants to determine the optimum lot size

» To do this, company needs to first describe the relationship

between labor hours and lot sizes

80 399
30 121
50 221
90 376
70 361

110 421
30 273
90 468
40 244
80 342
70 323

1.1 E(Y)
) T



1.1 E(Y)
taRgil

Scatterplot w/ Regression Line

» n=25

80 399
30 121
50 221
90 376
70 361

110 421
30 273
90 468
40 244
80 342
70 323




1.1 E(Y)
) T

R Code

» Generating the data set
> File: ‘CHO1TAO] .txt’
> Variables: lotsize, hours;
> want to predict at: lotsize = 65, 100;

» Generating the confidence intervals for all values of X in the data set

> reg <- 1lm (hours ~ lotsize)
> predict (reg, newdata =
data.frame (lotsize=c(lotsize, 65,100)),

interval="confidence", level = .95)



fp tn—Z,l—a/Z s(fin)
— X)?

Sz(ﬁh)ZS Z(X X)?

reg <- lm(y ~ x)

beta <- coef (reqg)

s2 <- sum(regSresiduals”2)/ (n-2)

ssx <- sum( (x-mean(x))”"2)

muh <- betal[l] + beta[2] * xXnew

sp2 <- (1/n + (xnew-mean (x))"2/ssx) * s2
wid <- gt (l-alpha/2, df=n-2) * sqgrt (sp2)

CIx[1l] <= muh - wid; CIx[2]<- muh + wid

1.1 E(Y)
) T



1.1 E(Y)
) T

Coefficients:

Estimate Std. Error t value Pr(>|t|)
(Intercept) 62.366 26.177 2.382 0.0259 *
lotsize 3.570  0.347 10.290 4.45e-10 ***

Signif. codes: 0 "™**' 0.001 "**' 0.01 "*' 0.05"."0.1"'"'1

X=170

X Y Prediction 95% CI
1 80 399 3479820 326.54494 369.4191 43
2 30 121 1694719 134.36734 204.5765 | |70

26 65 NA 2944290 27391292 314.9451 | |41
27100 NA 419.3861 389.86150 448.9106 | |59




EXRER 104>

EEMNXERER, 58 X HENER, 1REEX

X Y Prediction
1 80 399 347.9820
2 30 121 169.4719
26 65 NA 294.4290
27 100 NA 419.3861

95% CI
326.54494 369.4191
134.36734 204.5765

273.91292 314.9451
389.86150 448.9106

43
70

41
59

2
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Un T th-21-a/2 s(fip), s*(fip) = s° [; -+
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1.1 E(Y)
SR
Remarks

» Standard error is affected by how far X, is from X

Xn —X)Zl

1
O'z(ﬁh) = g2 [a-l—z(:(xi —)?)2

» Recall standard error for intercept



1.1E(Y)
. SR
[1lustration ”

» A change in the slope has bigger impact on Y as you move away from X,
the middle of the teeter-totter



Prediction of ¥y (e

» Handling missing values

» Model:

Yh(new) = Bo + B1Xp + €
» Want to predict value for a new observation at X = X},

» Since E(g) = 0, predicted value is the same as for E(Y},)

Ynmew) = fin = bo + b1 Xy,

Obs | year | lean
1 75| 642
2 76| 644
3 77| 656
4 78 667
S 79| 673
6 80| 688
7, 81| 696
8 82 698
9 83| 713

10 84 717
11 85| 725
12 86| 742
13 &7 757
14 116

1.2 WL mE
SRl



1.2 WL mE
SRl

Prediction Interval

» A type of CI

» The basic 1dea is to choose a range in the distribution of Y wherein most of

the observations will fall, and then to declare that the next observation will

fall in this range

» The usefulness depends, as always, on the width of the interval and the needs

for precision by the user

» Should be wider given additional variation about regression line



BEsAE RTINS E— S — R LITE
?h(new) = fip, = bo + b1 Xy,

SRITU—DNEIRRY Vinew) FIBE(E, NTARISEIRITTN
WEEENEEXERER? BAFRITE.

Yh(new) = Po + B1Xn + €
up = E(Yy) = Bo + f1Xn

XA




1.2 WS
. . ) T
Variation

» When the regression parameters are unknown, prediction limits must
take account of two elements:
Yh(new) = Po + B1Xn + €

» 1. Variation in possible location
of the distribution of Y

» 2. Variation within the

probability distribution of Y




1.2 WL mE
SRl

Proper Estimate of Variation

» Prediction Error:
Yh(new) =Bo + B1Xn t+ €

dy, =Y, — Yh =Yy — An 1
(new) (new) (new) Yhnew) = fin = bo + b1 Xy

» Mean

» Variance
o?(dp) = Var(yh(new) - ﬁh)

= Var(Ya(new)) + Var(ip)
1 X, — X)?
=0%+0%|—+ K _)
no XX —X)?

iy G




1.2 WL mE
SRl

The t-statistic

» Under normal error terms:
thN(O, 0'2 (dh))

» Estimate 0% (d},) and standard error:
“(dy) = 1-+1-+ (= X)°
) =7 N (X; — X)?

s(dp) £ s(pred)

» t-distribution:
dh Yh(new)
s(dp) S(pred)

~t(n —2)



1.2 WL mE
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Prediction Interval for Yh(new) )

» From the previous result:

Y A
p <| h(new) — Hn

s(red) t"*““”) -

P (Yh(new) € fp £ th—2,1-a/2 S(pred)) =1-a

» 100(1 — a)% prediction interval:

.ah T tn—Z,l—a/Z s(pred)
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R Code

> predict (reg,

1.2 WL mE

newdata=data.frame (lotsize=c(lotsize, 65,100)),

interval="prediction", level = .95)

reg <- lm(y ~ Xx)

beta <- coef (req)

s2 <- sum(regSresiduals”™2)/ (n-2)
ssx <- sum((x-mean(x))"2)

muh <- beta[l] + betal[2] * xXnew

T
ﬁh:ttn—ZJ—a/ZS(pred)f ~
2(pred) MSE<1+ L (Kn — X)° >
s%(pred) = — -

n Eh(xi_VX)Z

sp2 <- (1+l/nH(xnew-mean(x))"2/ssx) *s2
wid <- gt (l-alpha/2, df=n-2)*sqgrt (sp2)
CIx[1l] <-muh - wid; CIx[2]<-muh + wid



Results & Comparisons

X Y Prediction 95% CI
1 80 399 347.9820 244.73335 451.2307
2 30 121 169.4719 62.54638 276.3975
26 65 NA 294.4290 191.36760 397.490
27 100 NA 419.3861 314.16040 524.6117

206
214
206
210

» Recall the confidence intervals for mean responses:

X Y Prediction 95% CI
1 80 399 3479820 326.54494 369.4191
2 30 121 1694719 134.36734 204.5765
26 65 NA 2944290 273.91292 314.9451
27 100 NA 419.3861 389.86150 448.9106

43
70
41
59

1.2 WL mE
SRl
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BIAE, METllXE. EEXEERNTIIRE
dn = Yanew) — Ynmew) = (Bo + B1Xn + € ) — (by + b1 Xp)
dy = ptn — fin = (Bo — bo) + (B1 — b1) Xp,
AFHY. BRATN X BN ES X BRI IES M ERIZ AT
— R
BIEER
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1.2 08 {5
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The General Case

» Consider the heights of students from each grade at Tsinghua
> 1. What is the average height of sophomores? = Mean response

> 2. Randomly pick a sophomore, what will his height be? = Single observation

» Now randomly pick a class of 30 sophomores, what will their average height be?
» This is a unification of previous two extremes

» = Mean of m New Observations
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EREIE X = Xp, 89 m DNFUUERIMAL, (RIS T
A EIE?

&2 4., Ik, AEEXELK o)
G2 4, Kk, ARUXELNREIER o2 (dy)
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Mean of m New Observations

» The estimator is also fij

» The 100(1 — a)% prediction interval can be modified for predicting the
mean of m new observations at X = X, from

ljh + tn—z,l—a/z S(pred),
Xn — X)*

1
sz(p‘red) = MSE (1 + ﬁ + Zi(Xi — X)Z)

to
fn £ th21-a/2 s(predmean)
(X — X)* )

TS (X = %)

1 1
2(pred = MSE [—+—
s“(predmean) ( +n

1.2 08 {5
H P
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SNFENMEENR X = x &b, EEXIE (1(x), ulx)) & E ik 2
Pli(x) < B+ f1x <u(x)] =1-gq,

5 X X BN D PRYEER x, EB8
Pll(x) < By+ B1x <u(x),vxeD]|=1—-a«
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1.3 BIE7

100(1 — a)% Confidence Band
for the ENTIRE Regression Line

y = Bo+ prx

» Find the lower and upper (sample-dependent) functions L(x) and U(x),

such that
PI[L(x) < By +Pix<U(x)forallx]=1—«a

» Then, the confidence band is

{(x,y): Lx)<y<U(x);, xE€ R}

» Compared to the CI for one fixed x, (l(x), u(x))
Pllix) <By+Pix<ux)]=1—-a«a

NOT a proper
confidence band




1.3 BIE7

100(1 — a)% Confidence Band
for the ENTIRE Regression Line

P[L(x) < By + B1x < U(x) forallx] =1—«a

» Recall for one fixed x, 100(1 — a)% CI 1s

.ax T tn—Z,l—a/Z S(.ax)
» Instead of using the sampling distribution of (&, — u,)/s(i,), consider

that of max{ Px—Px
s(fyx)

} over all x and can derive, -~

(L(x), U(x)) = fy + Ws(fiy) P
where PP e
W=\2F _apn2 --"_.-°~

» The confidence band is wider than individual confidence intervals. That is,
W >t 21-a/



1.3 BIE7

Use t Instead of W

» How to use predict ()?

> Find the proper level 1 — ', suchthat W =¢t,,_,,_,//,

> W <- sqgrt(2*gf (.95,dfl=2,df2=n-2)) W =.2F_g2n-2
> adjalpha <- (1- pt(W,df=n-2))*2

)

0 1 ' gle W t c a

25 0.05 2 23 20687 |2.6162 2.6162 0.03374

Used for | [Used for 95% Adjusted
individual| confidence band a level

95% C1




(L0, U)) = fy + Ws(fy)

W = \/2F1—a,2,n—2

reg <- 1lm(y ~ Xx)

beta <- coef (reqg)

s2 <- sum(regSresiduals”2)/ (n-2)

ssx <—- sum( (x-mean(x))"2)

muh <- betal[l]+betal2]*xnew

sp2 <- (l/n+(xnew-mean (x))”"2/ssx) *s2

wid <- sqgrt(2*gf (l-alpha,dfl=2,df2=n-2) *sp2)
CIx[1l] <= muh - wid; CIx[2] <- muh + wid

1.3 BIE7



1.3 BIE7

n n n 1 (x—X)?
+ Ws s? = MSE |-+ ——
Uy T (.ux)a (.ux) » + Y (X;—X)?
hours
600
500 Confidence
Band
400
300
200
100
20 30 40 50 60 70 80 90 100 110 120

lotsize



1.3 BIE7

Why Confidence Band?

» Evaluate model reliability

> Show the uncertainty range of regression model predictions
> Narrow band: high prediction accuracy and more confidence in results
> Wide band: high uncertainty and lower model reliability
» Perform multiple interval estimations
> Provide interval estimates for multiple mean responses simultaneously

> Help in risk assessment and decision - making by knowing the likely range of
predicted values

» Assess model fitting
> Data points mostly within the band indicate good model fit

> Many data points outside suggest model problems that need improvement
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Recap

» Types of Prediction and Estimation
> Estimate the mean response E'(Y},) for a given level of X = X},
> Predict a new observation Yy, ey for a given level of X = X,

> Predict the mean of m new observations all at a given level of X = X,

> Estimate a confidence band for the regression line for several (or all) X3,’s
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Background Reading

» Chapter 2
> 2.4 : Estimation of E(Y})
> 2.5 : Prediction of new observation

> 2.6: Confidence-Band for regression line



Topic 2:

Analysis of Variance

(TTEDHT



Outline

» 2.1 ANOVA
> 2.1.1 Partitioning Sums of Squares
> 2.1.2 Breakdown the Degrees of Freedom
> 2.1.3 Expected Mean Squares (EMS)
> 2.1.4 F-test
> 2.1.5 ANOVA Table
» 2.2 General Linear Test
» 2.3 Pearson Correlation/R?



2.1.188
iapdy

Analysis of Variance

» Total variation: Total Sum of Squares (SST')

SST = z (Y, — 7)?
i
> Quantifies the total amount of variation in data

> If all observations are equal, then SST = 0; otherwise SST > 0

» Partition!

» Quantify and classify various types of variations and their sources






Partition of Sum of Squares Accordingly

» Partition observation Y;:
i-Y=(-7)+ T -Y)
» For
SST = ) (%, =7’
l

» Partition SST into two sources

> Variation due to Error
(SSE, attributed to error |
terms) |

» Variation due to Model
(SSR, explained by

regression line)

2.1.188
iapdy



2.1.188
iapdy

Total Sum of Squares Partition

> YOG -P2= ) (- + -7
=Z(Yi - 1) +ZZ(Yz -(F-7) +Z(Vi -7)°

where

Y (G =T)(F=7) = ) (Xiby + bode; = ) Vey =0

D =12 = ) (-7 + ) (-7

SST SSR  + SSE

SO




2.1.1SS
SST =SSR + SSE ) wi-v2=)@-1)+) (vi-7) ok
et
R |
. |
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|
” Z(?i - 7)2 = b%Z(Xi — X)?



2.1.2df
iapdy

For the Model Sum of Squares

» SSR =Z(Yl —17)2 where ¥ = ¥

» The degree of freedom of SSR is dfgp = 1, because
SSR = b2 Z(Xl- _X)?
» Mean Squares of Regression (Model)

MSR = 28 — SR
dfr



2.1.2df
i
For the Error Sum of Squares :

> SSE = X7, (Y; — ?1)2 =i €
» The degree of freedom of SSE 1s dfy = n — 2, adjusting for the
intercept and slope

» Mean Square of Error (MSE)

MSE — SSE

dfg
» MSE 1s an estimate of
o2 =Var(Y|X) = Var(e)

» MSE = s?, the estimator of o2 obtained earlier



2.1.2df

A topaFy
Recall the LSE for 62 ’
» We talked about why we used
N2
oo 2imli=h) _ SSE o
n—2 n—2
instead of the sample variance Var(Y;) = 62 = E[Y; — E(Y;)]?
n V) 2
L (Y, — V)2 SST
n—1 T n-1

» Because ¥; = by + b, X; should be a better estimator of E(Y;) than Y,
we expect SSE to be less than SST

» It is!



Expected Mean Squares (}

Yy,

HI7)

2.1.3 EMS

» Before observations are obtained and plugged in, MSR, MSE are random variables

» Expected MSR:

E(MSR) = 0% + f3? Z(Xi - X)?

» Expected MSE:

E(MSE) = o2

» When H,: f; = 01s true

SSR = bfZ(Xi — X)?
EMSR) = ) (X; = 0)? - E(b?)

= Z(Xi —X)? - [var(by) + B7]

E(MSR) = E(MSE) = o2

> Both are unbiased estimators of o2

» When Hy: 1 # 0 holds, E(MSR) > E(MSE)

> MSR tends to be larger than MSE



2.1.4
FA& 56

F -test

» Test Statistic:
F = MSR/MSE

» Sampling Distribution of F under H:

When Hy: f; # 0 holds,
MSR tends to be larger than MSE

_ X?sz/de

= ~F = Fin-
thifE/de dfrdfE 1,n-2

» We reject Hy when Fj 1s “large”, that 1s, if
Fo > Fi_aafpdfy = Fi—ain-2
» The P-value approach: reject Hy if
P(F > Fy|Fip_) < @



2.1.4
FA& 56

Remarks

» Under H;: f; # 0, F follows a noncentral F-distribution

> This can be used to calculate power

Power(f,) = P(F > Fi_q1n-2|noncentral F )
> Recall T = bl/S(bl) tests HO: ﬁl =0
» It can be shown that T? = F (pg 71), the key here is dfgr = 1

> The two approaches are equivalent, and give the same P-value under

simple linear regression



215
ANOVAF

ANOVA Table

Note: SSR 1s also denoted as SSM

Source df SS MS  Fvalue Pr(>F)

Regression 1 Z(?i_y)z SSR/dfr MSR/MSE 0.##

Error n—2 Z(Y‘ — 2)2 SSE /dfg

Total n—1 Z(Yi ~-V)2 SST/dfy



Examples

» Tower of Pisa study (n = 13 cases)
> modell <- 1Im(lean ~ year, data=pisa)
> summary (modell)

> anova (modell)

» Toluca lot size study (n = 25 cases)
> model?2 <- 1lm(hours ~ lotsize, data=toluca)
> summary (model?2)

> anova (model?2)



2.1.5
ANOVAF

Pisa Output
Coefficients:

Estimate Std. Error tvalue Pr(>|t|)
(Intercept) -61.1209 25.1298 -2.432 0.0333 *
year 9.3187 0.3099 30.069 6.5e-12 ***
Root MSE | {30.069° = 904.1448
Residual standard error: 4.181 on 11 degrees of freedom
Multiple R-squared: 0.988, Adjusted R-squared: 0.9869

F-statistic: 904.1 on 1 and 11 DF, p-value: 6.503e-12

Analysis of Variance Table

Response: lean
Df Sum Sq Mean Sq F value Pr(>F)
year 1 15804.5 15804.5 904.12 6.503e-12 ***

Residuals 11 192.3 17.5 V17.5=4.1833

Signif. codes: 0 '***'(0.001 "**'(0.01 "' 0.05"'.'0.1"'"1




2.1.5
ANOVAF

Try to Check Toluca Output by Yourself

Coefficients:

Estimate Std. Error t value Pr(>|t|)
(Intercept) 62.366 26.177 2.382 0.0259 *
lotsize 3.570  0.347 10.290 4.45e-10 ***

Residual standard error: 48.82 on 23 degrees of freedom
Multiple R-squared: 0.8215, Adjusted R-squared: 0.8138
F-statistic: 105.9 on 1 and 23 DF, p-value: 4.449¢-10

Analysis of Variance Table

Response: hours

Df Sum Sq Mean Sq F value Pr(>F)
lotsize 1 252378 252378 105.88 4.449e-10 ***
Residuals 23 54825 2384

Signif. codes: 0 "***' 0.001 "**'(0.01 "*' 0.05'.'0.1""'1




2.2 — /%
28 146 56

General Linear Test: Idea

» A different view of the same problem:
HO: ﬁl =0 VS. Hl: ﬁl == 0

» We want to compare two models
When H|, is true

> Y, = Py + B1X; + & (full model) )
> Y, = Py + & (reduced model)
» The principle of extra-sum of squares

» Compare the two models using their error sum of squares (SSE)

> The difference in SSE can be used to test the difference between the models



2.2 — /%
28 146 56

General Linear Test: Procedure

» Let

Full model: Y; = By + B1X; + ¢

> SSE(F) = SSE for full model, dfgr Reduced model: Y; = B, + ¢;

> SSE(R) = SSE for reduced model, dfgp

» Under H,: there 1s no difference between the models,

F (SSE(R) — SSE(F))/(dfgr — dfer)
SSE(F)/dfgF

» The critical-value and P-value approaches can be used to test H,

F~ FdeR_deFrdeF



GLT For Simple Linear Regression

» For the full model Y; = By + [1X; + &

» For the reduced model Y; = [y + ¢;

SSE(R) = Z(Yi _¥P)2=SST, dfspr=n—1

» The F-test
F (SST — SSE)/dfgr — dfgF B MSR

SSE /dfgr MSE
» The exact same test as ANOVA

» GLT approach 1s more general, and is more frequently
used for multiple regression later on

2.2 — /%
28 146 56

55 Ervar: Ervar Sun al Squanes

Totel Sum of Speares (55 Total)

250 s

3000 325 3510 s




2.3
R AR

Pearson Correlation r Sy R

» The usual correlation coefficient | , — 2(X; _ N —Y) _
VI - X)2YE(Y; - V)2

» A number between —1 and +1

» Measures the strength of the /inear relationship between any two variables



2.3
R AR
5 e R

Coefficient of Determination R?

» The percentage of total variation that can be explained by the

model/explanatory/predictor variable
R? = SSR/SST

I -0 D)
VX — X)2X(Y; — V)2

» Under simple linear regression, % = R?, because

_zi(xi—)?)(n-—Y):}r_b 2i<Xi—X>2:>T_b ax
(X — X)? L 2y = 1)? oy

2 b} X(X; — X)* _SSR _
S(Y,—Y)?  SST

b,

RZ




2.7
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Pisa OutPU’t » Adjusted R? will be defined and discussed

under multiple regression

Residual standard error: 4.181 on 11 degrees of freedom
Multiple R-squared: 0.988, |Adjusted R-squared: 0.9869
F-statistic: 904.1 on 1 and 11 DF, p-value: 6.503¢-12

Analysis of Variance Table

Response: lean
Df|Sum Sq Mean Sq F value Pr(>F)

year 1 [15804.5 |15804.5 904.12 6.503e-12 ***
Residuals 11| 192.3 [17.5

R-Squared = SSR/SST
0.988 = 15804.5/(15804.5+192.3)
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Toluca Output

Residual standard error: 48.82 on 23 degrees of freedom
Multiple R-squared: 0.8215, Adjusted R-squared: 0.8138
F-statistic: 105.9 on 1 and 23 DF, p-value: 4.449¢-10

Analysis of Variance Table

Response: hours

Df Sum Sq Mean Sq F value Pr(>F)
lotsize 1 252378 252378 105.88 4.449e-10 ***
Residuals 23 54825 2384

R-Squared = SSR/SST
0.8215 = 252378/(252378+54825)
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Don’t Trust a Low R*
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On Testing Hy: p = 0

» Recall that
vn ~th_2

t =

V1 —r2

» Proof: Let (x;, y;) be a bivariate normal random sample of size n

Oy Oy
EXY|IX=x)=\uy—p—ux|+p—x=Po+pfix | by=7—
Ox Ox Ox

> Now to test Hy: p = 0 1s equivalent to testing Hy: f; = 0
> For the OLS estimator by, under Hy: f; = 0

b b bioy./ (n—1
;= 1 _ 1 _ 10x+/ ( ) oy =SS /n=T)

s(b1) /MSE/Y™  (x; — %)? \/SSE/(n —2)

biox. (n—1 b
_ D10x (n ) =7 — 10x m—7 — =~ t_,
VSST — SSR Joi — bio} \/1—r




Recap: The 4 Tests We’ve Learnt

» For Hy: f; = 0 1n a SLR, the following 4 tests are equivalent:
> Individual parameter t-test
> t-test for testing the population correlation coefficient Hy: p = 0
> Overall ANOVA F-test
> General linear test

> (In Lec 9 we’ll formally learn GLT, and will see this as a partial F-test)



l kit

HAYF Pl ANOVA

» 4.2 ANOVA Jr HAF=%

> 4.1 T > 4.2.1 ANOVA
s 411 ECY) HT >4.2.1.1 SFEJFg R 43
>4.2.1.2 H HEMR] 4
> 4.1.2°Y WU AE A F »4.2.1.3 TS H377
>4.2.1.4 F-#:5
> 4.1.3 BN IALMEE ST >4.2.1.5 ANOVAE

> 4.2.2 — L A T
> 4.2.3 Pearson 1 2 Z¥ J% R?



Objectives

» Distinguish between estimating a mean response (confidence interval) and
predicting a new observation (prediction interval).

» Understand the various factors that affect the width of a confidence interval for a
mean response.

» Understand why a prediction interval for a new response 1s wider than the
corresponding confidence interval for a mean response.

» Know the formula for a prediction interval depends strongly on the condition that
the error terms are normally distributed, while the formula for the confidence
interval 1s not so dependent on this condition for large samples.

» Distinguish between confidence intervals and a confidence band.

» Know the types of research questions that can be answered using the materials and
methods of this lesson.



Objectives Cont’d

» Understand the “derivation” of the ANOVA F-test for testing Hy: f; = 0. Know
how each element of the analysis of variance table is calculated.

» Know the similarities and distinctions of the #-test, ANOVA F-test and general
linear test for testing Hy: 1 = 0.

» Know that the coefficient of determination (R#) and the correlation coefficient (1)
are measures of linear association. That is, they can be 0 even if there is perfect

nonlinear association.
» Know how to interpret the R? value.

» Know how to calculate the correlation coefficient  from the R? value.



Homework

» Prob-1. KNNL 2.8
» Prob-2. KNNL 1.27 2.28 2.29
» Prob-3. KNNL 2.56

» Prob-4. Look at the picture. What 1s wrong in the argument?



Optional, a puzzle from a former student

» Simply put, the question is, how come:

> set.seed(88) ]
> datal <- data.frame(X = 1:30, Y = 2:31 + rnorm(30))
> head(datal)

X Y
111.773744
22 3.646570
3 36.346058
443.154381
556.459691
667.123781
> reg <- Im(datal$Y ~ datal $X)
>new_data <- data.frame(X=20)
> conf interval <- predict(reg, newdata = new_data,

interval = "confidence", level = 0.90)

Warning message:

'newdata" I 75 H 1417 (B & L H301T



Bonus Problems from Students’ Interviews
(Optional, 48R %)

» 1. Suppose X and Y are indeed independent, then what would R? be like for
the sampled data, with a confidence level of 95%?

» 2. Suppose the scatterplot of X and Y 1s 1000 points
uniformly distributed in the shaded triangle region
(shown 1n this picture).

> (a) What is the slope of the regression line?
> (b) What is R??




Background Reading

» Chapter 2
> 2.7 : Analysis of variance approach to regression analysis
> 2.8: General linear test approach

> 2.9: Descriptive measures of linear association between X and Y



Further Reading (Optional)

» May find 2.10 and 2.11 interesting

» 2.10 provides cautionary remarks
> Will discuss these as they arise

» 2.11 discusses bivariate Normal distribution
> Similarities and differences

> Confidence interval for p
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