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Warm up Before Class

» https://www.bilibili.com/video/BV1zx411g7gq?p=10







Theorems Used Today

» Suppose U1 ~ N(u, 2). Let Vg = ¢ + DgxmU. Then,
V ~N(c+ Du,DEDT)

» A, isidempotent & rank(A4) + rank(I —A) =n

> X~N(u,2) = E(XTAX) = tr(4X) + uTAu
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Topic 1:
Matrix Approach to
Linear Regression



Outline

Simple Linear Regression (SLR) in another Perspective
» 1. Linear Regression in Matrix Form
» 2. OLS

> 2.1 Analytic approach

> 2.2 Geometric approach

» 3. Sampling Distribution
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The Model in Matrix Form
> Y = o+ P1Xi + €

> The &;s are independent Normally distributed

The Model in Scalar Form

Y. 1 Xi] -
random variables with mean 0 and variance o2 1 1 €1
> YZ — 1 X2 BO] + 82
» Consider writing out the observations: : S RVt :
v,| |1 x, &,
Y1 =fo+ f1X1 + & -k -

Y, = B0+ B1X: + & ﬁ

: % )€} Lo+ B1X1] 1&g
Yn — ﬁO + ﬁan + En Y:Z ﬁO +:131X2 82




1

MFEE
ke

The Model in Matrix Form

Y=Xp +¢

» Vector of responses
Ynxl — (Yll Yz, Ty Yn)T

» Design Matrix

1 X;]

1 X
Xnxz = ;2

1 X,

» Vector of parameters (coefficients)
Bax1 = (,30;,31)T

» Vector of error terms

Enx1 = (81182""r8n)T



Variance-Covariance Matrix

%(&)yxn = Cov

» The error terms are independent

_ 2
= 0“1 xn

= the covariance between any two error terms 1s zero

» The error terms have common variance

= the diagonal are equal to o

2
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Distributional Model

» The covariance matrices of ¥ and € are the same, because
the design matrix X 1s fixed

O-Z(Y)nxn = Cov = Uzlnxn

» The distributional model:
Y~N(XB, azln)
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Parametric Estimation: Least Squares

» Analytic approach:
QB =Y = XBII> = (¥ —XB)' (Y — XB)
p = argmin Q(B),

(Normal Equation) BER?
a0 leT 02Q
— = — Y —-XB) =0, —=2XTX
» Under the condition rank(X) = 2, the minimizer of Q (f) exists and
1S unique:

b=pf=X"X)"1XTY
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Least Squares Estimation hredl

» Vector of predicted/fitted responses
Y =Xb=XXTX)"'XTYy

Y = HY

» Hat matrix (Projection matrix)
H=XXT"x)"1xT

» Vector of residuals
e=Y—-Y=Y—-HY=(U-H)Y



Column Space

AN

» Y =Xb

~
I

X1 | X2

> Y is expressed as a linear combination of the columns X f

» Column space:

N
X ||
1
_1_
by [X1|+ b,

X2

M=
>
o

~
Il
=

2.2
OLS
JRGIRES

C (X) = linear space spanned by column vectors of X = Im(X)

> Y ecx)
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Projective Geometric Approach for LSE

» Column space:

C (X) = linear space spanned by column vectors of X = Im(X)

min||y — v||

<

3
—u =9 € CX) € R

dim 2



Y=Xp+¢
Xnxp RMBBAEE (BXMIE) (FRZIBNZSE (Ei5) ?
GEE X BE=E Imx) = C(X) )
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2.2

Four Fundamental Subspaces (Gilbert Strang) l oLS

JIRCIRES

» At the heart of Linear Algebra. For any A,,,,, with rank r

RP 4 R

AT
N(AT)
N(A) Y\ n—r

p—r .

C(A)
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Alternative: Projective Geometry Approach for LSE
T

» Reformulate the problem
in||Y — XA = min||Y — y||?
ﬁrréggll Bl yrg}(r}gll yli

— : . 2
= yglcl(r;()IIY vl

[N =
[l
o
h<

» The solution: the minimizer must be the

orthogonal projection of Y onto the

column space of X:
Y =Py

where P 1s the orthogonal projection

matrix/operator (Pythagoras)
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Projection Matrix and LS Estimates

Ty — =
> X = [X1 Xap| - Xp] X (¥ Xb). 0 m) X"(Y —Xb)=0
for every j l
PY =u=Xb

P=XX"X)"1XT | < b= (XTX)"1XTY
=X(XTX)"1xTy

» P=H=XXTX)"1xT
> Symmetric and idempotent (P? = P)
» b= =X"X)"1XTY
» Predicted responses: ¥ = HY
» Residuals: e=Y —-Y = ({ — H)Y
» Orthogonal: eTY = 0
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Sampling Distribution of b

» | Theorem: Suppose U1 ~ N(, 2). Let Vjq = ¢ + Dyxm U. Then,
V ~N(c+ Du,DEDT)

» Recall Y ~ N(XB,02L,xy), and b = (XTX )_1X T'y. Applying the theorem,
b~N(B,0%(x7x)"")
» The estimated covariance matrix of b 1s
s?(b) = SZ(XTX)_l
where
ele Y'(I-H)Y
n—2 n—2

s? =




Background Reading

» We will use this framework to do multiple regression = Now we can

have more than one explanatory variable

» Adding another explanatory variable 1s to add another column in the

design matrix X



Topic 2:
Multiple

Linear Regression



Outline

» 1. Building the Model

> 1.1 Data and notation

> 1.2 Model, parameters and special cases
» 2. Estimation

> 2.1 OLS

> 2.2 The Gauss-Markov theorem

> 2.3 Concerning H
» 3. ANOVA

> 3.1 Elements of the F-test

> 3.2 R? & Adjusted R?

Recall notes from simple
linear regression

regarding differences
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Data for Multiple Regression

» Cases still denoted by i = 1ton
{(Yl' Xi,liXi,ZJ ---:Xi,p—l)}lsiSn

> Y; = response variable for the i case

> Xi1,Xi2, ..., X;p—1 are the p — 1 explanatory (or predictor) variables for the i case

(1 X117 X1 Xip-1

1 X2,1 XZ'Z.:. lep_l -1 ] X(l)
_ . : S : Y
X = — : X1 Xp—l = (2)
1 Xn-1,1%n-12---Xn-1p-1 1 .
| 1 Xn,l Xn,Z Xn,p—l i ] X(n) |
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Multiple Regression Model

Yi = Bo + BiXis + B2Xiz + - Bp_1Xip-1 + &
» [, is the intercept

» 1, B2, ..., Bp—1 are the regression coefficients for the
explanatory variables

> Notice switch from slope to regression coefficient. More on
this soon

» X; is the value of the k" explanatory variable for the i case

» &;s are independent Normally distributed random errors with
mean 0 and variance o?
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Multiple Regression Parameters

Y, = Bo + b1 Xi1 + B2Xip + - Bp_1Xip—1 + &

» [,, the intercept

» B1, B2, ..., Bp—1, the regression coefficients for the explanatory variables

> [; indicates the change in the mean response E{Y} per unit increase in
X1 when X, ..., X;,_; are held constant

> They are also called partial regression coefficients because they reflect
the partial effect of one predictor variable when the other predictor
variables are included in the model and are held constant

» o2, the variance of the error term
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Some Special Cases

» Polynomial Model of order p — 1
-1
Y; = Bo + BiXi + Bo X+ +BpaX] T g
» Interactions between explanatory variables can be represented as

products of X’s and included in the model (crossed terms)

» Some explanatory variables X can be indicator or dummy variables

taking values of 0 and 1 or other distinct numbers
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An Example: Children’s Height

» The response variable 1s Height in metric of standard units (Y'), and two
explanatory variables Age in Months X; and Gender X,
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An Example: Children’s Height

» The response variable is Height in metric of standard units (Y), and two
explanatory variables Age in Months X; and Gender X,

» Consider the following model:
Y; = Bo + p1Xix + B2Xiz + B3XinXiz + &
where X, 1s a dummy variable, that 1s, X, = 0 if the child is a girl; and
X, = 1 if the child is a boy
> If Child i 1s a girl:
Yi = Bo + B1Xiy + &, (Xiz =0)
> If Child i 1s a boy:
Yi=Bo+B2) +(Br+B)Xin+&, Xiz=1)
» One model represents two different regression lines of Y versus X; for
girls and boys, respectively
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Model in Matrix Form

» Response vector: Y = (V,Y,, -, Yn)T

» Design matrix:

» Regression coefficients: f = (,BO,,Bl, "',,Bp_l)T
» Error terms: & = (81,82,"°,€n)T
» The model:

Ynx1 = n><p,8p><1 + &nx1

e~N(0,021,), Y~N(XB, 021,)
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A 0
f = argmin Q(f) ,—Q = —2XT(Y — XB) = 0 (Normal Equation)
BER? p
020
_ oyT
oz = XX

Least Squares Estimation

» Analytic approach:
QB =Y —XBII> = (¥ —XB)' (Y — XB)

» Under the condition rank(X) = p, the minimizer of Q(f) exists and
1S unique:
b=pf=X"X)"1XTY
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Least Squares Estimation

» Vector of predicted/fitted responses
Y =Xb=XXTX)"1XTY
Y =HY
» Hat matrix (Projection matrix)

H=XXTx)"1xT

» Vector of residuals

e=Y—-Y=Y—-—HY =(U-H)Y
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Projective Geometry Approach for LSE

» Reformulate the problem

MY — YRIUZ — min IV — 15112
QQW'XMI g%M’VH

= min ||Y — v||?
veEC(X)

» The solution: the minimizer must be the
orthogonal projection of Y onto the

column space of X:
Y =Py

where P 1s the orthogonal projection

matrix/operator (Pythagoras)
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Visualization
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Projection Matrix and LS Estimates

» It can be shown that P is symmetric and idempotent (P? = P)
» It turns out that
P=H=XXT'x)"1xT ™
» From
PY = X(XTX)"1XTy = Xb
b=pF=X"X)"1XTY

AN

» Predicted responses: Y = HY
» Residuals: e=Y —Y = (I — H)Y

» Residuals and predicted responses are orthogonal: >~e’Y = 0

» Degree of Freedom of residuals
dfg =rank(l —H) =n—p__
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Estimation of g2

» Sum of Squared Errors (Residuals)- SSE':
SSE =eTe= (Y —-Xb)T(Y —Xb) =YT(I — H)Y

» df of SSE:
dfp =df ofe=n—p

» Mean of Squared Errors- MSE'’

SSE  YT'(I-H)Y
MSE = =
dfg n—p

» Estimator of o2
s? = MSE

s =\VMSE
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Sampling Distribution of b

» Recall Y ~ N(XB,0%l,),and b = (XTX)"1XTY. Applying the theorem,
b~N(B,c%(XTX)™1)
> Mean: E(b) = [, unbiased

> Covariance matrix: Cov(b) = d?(XTX)™1, optimal in some sense

» The estimated covariance matrix of b 1s
s2(b) = s?(xTx) 1
where
ele Y'(I-H)Y
n—op B n—op

s =




2.2
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Gauss-Markov Theorem

» Five Gauss Markov assumptions/conditions:
> Linearity: the parameters are themselves linear
> Randomness: the data must have been randomly sampled from the population
> Non-Collinearity: the regressors aren’t perfectly correlated with each other
> Exogeneity: the regressors aren’t correlated with the error term  E(e]X) =0

> Homoscedasticity: no matter what the values of the regressors might be, the
error of the variance 1s constant

» Then the ordinary least squares estimate for regression coefficients gives you
the best linear unbiased estimate (BLUE) possible



2.2
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Proof, Illustration, MSE

»E(B) =E(DY +b) =E(DXB+De)+ =4
>oDX =0

[ Var(B) = Var(DY + b)
» =Var(De + (XTX)"1XTe)

»=0?{D+(xTX) " xT}{D + (XTX)_lXT}T
> =a?{DDT + (X"X)"" +20x(x7x) "}
» =2 {DDT + (X7X)"'}

> > cfz(XTX)_1 = Var(b)



LAR=/MET, REKEASSEFRMN F RIS FITE?




2.3
Concerning H A

» Recall that
P=H = X(XTX)_lXT

> The projection matrix/ hat matrix/ influence matrix
» ¥ = HY

> It maps the vector of response values to the vector of fitted/predicted values

> It describes the influence each response value has on each fitted value
a7,

b hy, = 0o g L= Y
t aY; aY;

> The diagonal elements are the leverages, which describe the influence each
response value has on the fitted value for that same observation

> H=H?=h; =hi;+ 3,

2

> hiiZhiziﬁhiigl




Why the Distance?

> X(l) — (11Xi11Xi21 ""Xi,p—l) fori = 1, e, n
H=XXTX)"xT >

hi = Xy (XTX) 7 Xy hij = X XTX) 71X
» E.g., for the simple linear regression,

R =1 X ](X7X)™ [Xlll

2 X X2 =YX
XTX=[ 1’] (xTx)™ — 2Xij  — R
Zle ZXlJ TLZX i~ Xq)) Zle n
o R Y X{AnXEi-2X N Xqj (Z le—nX2)+n(X1i—X) _1 (X1;—%)?
i nYXZ-(C X2 n(x X-nX?) n ?:1(X1j_)?)2

» To measure the distance between X(;y and X in terms of the density of
the sample. All points on the same contour have the same leverage

> (Recall the Mahalanobis Distance D(x,y) = /(x — y)TE"1(x — y))

Write Xi. = (1;x,-), then Dz(xi, f) = (TL — 1)(hu - 1/71)

2.3
*TH



2.3
*TH

Notesondfy =rank(I —H) =n—1p

» dfof SS = the rank of a quadratic form xT Ax = rank(4)
» For any idempotent matrix A, rank(A4) = tr(4) = . A;, here only 0 or 1

» Theorem: A, is idempotent < rank(A) +rank(I —A) =n

» With X;, , and idempotent H, I — H is also idempotent, that is, (I — H )2=1—-H,

tr(H) = tr (X(XTX)XT) = tr(l) =p | Shi=p

» Forresiduals e = (I —H)Y,Q =ele=YT(I - H)Y
df(Q) =rank(Il—H)=trl—H)=n—p




2.3
Covariance Matrix of Residual e = (I — H)Y KTH

» Eigenvalues of I — H are either 1 or 0

» Covariance matrix of residuals e
Cov(e) = Cov((l — H)Y)
= -H)d?I(I-H) =0*(I—H)

Var(el-) = 0'2(1 — hii)
Cov(ei, e]) = —O'Zhij
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2.3
Does Dependency Affect a Normality Test? S

Cov(e) = d?(I — H), Cov(ei,ej) = _thij

> Yicie=0=>0=3",Var(e) + X X, Cov(ei,ej) =o’(n—tr(H)) + n(n — 1)Cov(ei,ej)

o%(1-p/n)
n—1

> = Var(e;) = o%(1—p/n), Cov(ese) = —

> = Cor(ei,ej) ~ —ﬁ ~ 0

> Don't make much difference in practice, as long as p/n 1s small

» From the LM test, the Jarque—Bera test uses skewness S & kurtosis K
n 1
JB=2 (ST K=3)?)~43

Jarque, C. & Bera, A. (1980) Efficient tests for normality homoscedasticity and serial independence of regression residuals, Econometric Letters, 6, 255-259.

Jarque, C. & Bera, A. (1987) A test for normality of observations and regression residuals, International Statistical Review, 55, 163—172

Thorsten Thadewald & Herbert Biining (2007) Jarque—Bera Test and its Competitors for Testing Normality — A Power Comparison, Journal of Applied Statistics, 34:1, 87-105.
Zacharias Psaradakis & Marian Vavra (2020) Normality tests for dependent data: large-sample and bootstrap approaches, Communications in Statistics - Simulation and
Computation, 49:2, 283-304.
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ANOVA

ANOVA

» Sources of variation include
> Model (SAS) or Regression (KNNL)
> Error (SAS, KNNL) or Residual (R)
> Total

» SS and df add/decompose as before

» SSM + SSE (RSS in R) = SST

> dfy + dfg = dfr



Sum of Squares

» Sum of Squares due to Model- SSM:

» Sum of Squares due to Error- SSE':
n
SSE=) (h-%) =(r=7)'(v-7)
i=1
» Sum of Squares in Total- SST':

SST = Z@- P2 = (Y —71)T(Y —¥1,)
=1




Sum of Squares and Mean Squares

» Can show that
Y -71)T (v -71,)=(Y-P+7-71,) (Y -7 + 7 —71,)
= (P -71,) (P =F1,) + (v =7) (v = 7)

» That 1s,
SST = SSM + SSE

» Can show that
dfr=n—-1dfy=p—-1L dfg=n—p
» Mean Squares:

mst =220 msm = 222 ysg =220
dfr’ dfu’ dfy



Notes on df of SST

bV =—1Ty =-vT1,

» SST=(Y -Y1)I(Y-Y1,)=YTYy —2vYTy1, + 171, Y?

—_ — 2 —_
» —2YT1,Y +1%1,Y2 = —;YTlnlﬂY + ny?

2 1 1
= —EYTlnl,TlY + EYT1,,L1£Y = —EYT]Y

>.'.SST=YT(I—%])Y,]=<.%. N 1)
1 ... 1

» Notice that % J is idempotent, rank(J) = 1, so rank(l — % Ji ) =n-—1



ANOVA Table

- SSM MSM
Model ssy=> (7,-7) dfu=r—-1 MSM=——" ——
;( =0 dfu MSE
- SSE
Error  ssg= Y (v,-7) dfg=n—-p MSE =——
Z( ) i
< SST
Total ssT=Y (,—7)2 dff=n-1 MST = —
; dfr



Expected Mean Squares

» Formula for expected MS
YT (I - H)Y (I — H)e

MSE =
n—p n—op
Tcr _ 2
E(MSE) — E(e rEI_ pH)s) _tr[d _ I;I)p(a Nl _ 2

» Can show that
E(MSM) = 6% + —— = (X,B)T(I — —1) XB
» Under good design rank(X) = p,
> (XB)T (1 —%]) XB = 0ifandonlyif B; = B, = -+ By_q = 0
> (XB)T (I — %]) XB > 0 when at least one §; # 0




ANOVA F-Test

» Hypotheses:
»Hy: Bpy=Br="Bp-1=0
> Hy: B # 0foratleastonekinl,2,---,p—1

» Test statistic:
., MSM

~ MSE
» Sampling distribution under Hy:
F*~F p—1,n-p
» Decision rule at a

> Reject Hy if the calculated Fo > F,_1 51— o
> Reject Hy if the P-value P(F™ > Fy|Hpy) < a



Interpret Test Results

» Reject Hy:

There exists evidence suggesting that one or more of the explanatory
variables 1n the linear model 1s potentially useful for predicting
(explaining) the response variable.

» Fail to reject Hy:

There does not exist evidence to conclude that any of the explanatory
variables can help model/predict/explain the response variable using the
linear model




NOtGS on E (M S M ) Expectation of quadratic forms

» Theorem: X~N(u,2) = E(XTAX) = tr(A2) + u"Au

> SSE =Y"(I—H)Y,SSM =Y" (H—2])Y, E(MSM) = p—ilE Y7 (H=-21)Y]
» = Y~N(XB,0%I,)
el (m =27 v|= (-2 xp) +o2er (-2
n n n
> tir (H —%]) =tr(H) —tr (%]) = rank(H) — rank (%]) =p-1
> (XB)T(H —~]) (XB) = BT (XTHX == XTJX) B
1 1
=" (XTX - EXT1X> B = (XB)T(I - 51) XB

» Since (I - Ji ) 1s idempotent, thus semidefinite positive



3.1
Notes on the Proof of the Previous Theorem l R

» Theorem: X~N(u,2) = E(XTAX) = tr(AX) + uT Au

» Proof: (The trace trick!)
» E(XTAX) =E(X — wTAX — ) + uT Au
= tr{E[AX — ) (X — w1} + u" Au

= tr{AE[(X — ) (X — w1} + u" Au
= tr(A2) + uTAu



3.2

Coefficient of Multiple Determination R*

W EE I R?

» Correlation between responses Y and predicted responses ¥

-0 -7) \/Z(Vi - 7)°
VSO —TP 57 -7) VE®-DP

» CMD R?:
~ — 2
p2 _ 2 =z(yi—y) _SsM
Y(Y; —Y)2 SST

» Interpretation:

R? gives the proportion of variation in the response variable, which can
be explained by the model or all the explanatory variables in the model



3.2
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3.2

. R2,
R4 & Adjusted R? B HR?
. _ SSE
» In terms of SSE: ? _MSE_n—p
R?=1- “;i—]; = 1 — proportion not explained
» Relation to F-test statistics:
o R? n-p
1-R? p—-1
» Adjusted CMD R2:

MSE , n—1 SSE
MST n—p SST
» When adding more explanatory variables, R? always increases, but
RZ can decrease




19
> 7.2 Z M5 A
> 7101 4 R A [l U AR A »7.2.1.1 ZHis ks
‘ > 7212 B8 ZHRHF
7.1.2 ge/N_3
> w/N Mt L 720 BHAE
7. 1.2.1 AT »7.2.2.10LS
>7.1.2.2 JLAT: >7.2.2.2 Gauss-Markov g 2
.l >7223 5 H H%
- 713 SR A > 7.2.3 ANOVA

B TF TR L 2 R ml

»7.2.3.1 FI KRS 2R
»7.2.32 R%, % R?



Objectives

Know how to write data and model in the matrix form.
Remember the formulae for the least squares estimation.
Know the four fundamental subspaces for a linear transformation.

Understand the projective geometry approach for LSE.

>

>

>

>

» Be able to interpret the coefficients of a multiple regression model.

» Understand what the scope of the model is in the multiple regression model.
» Know the sampling distributions of b and e.

» Know the Gauss-Markov Theorem for the LSE.

» Understand the importance and related concepts of the hat matrix.

» State the ANOVA F-test for the whole model.

» Understand the calculation and interpretation of R? in a multiple regression setting.

» Understand the calculation and use of adjusted R? in a multiple regression setting.



Background Reading

» KNNL 5.1t05.7



Homework

» Prob-1: KNNL 5.4, KNNL 5.12

» Prob-2: KNNL 5.23. (For part ¢, find the hat matrix H and its rank,
and verify that H 1s idempotent.)

» Bonus question: A student shared this interview question with me.

Try to answer it yourself.
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