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Topic 1:

Remedies



Outline

» 1. More Diagnostics for Residuals
> 1.1 Review residual plots
> 1.2 Built-in diagnostic plots in R
> 1.3 F-test for lack of fit

» 2. Discuss Remedies
> 2.1 Nonlinear relationship
> 2.2 Non-constant variance
> 2.3 Non-normal distribution

> 2.4 The general method: transformations
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Diagnostics for Residuals

» Residuals are leftover of the outcome variable after fitting a model (predictors) to
data and they could reveal unexplained patterns in the data by the fitted model

» Look at residuals to find serious/obvious violations of the model assumptions

> nonlinear relationship
» non-constant variance

> non-Normal errors

Q<

> dependence
or/and
> presence of outliers

> a strongly skewed distribution
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Recommendations for Checking Assumptions ien s

» Plot Y vs X (Is it a linear relationship?)
» Use scatter.smooth to geta smoothed curve fit
» If reasonable, fit model to get residuals
» Look at distribution of residuals
» Plot residuals vs
> time (run order)
> X or any other potential explanatory variable
> predicted value (Y = by + b, X )
» In all cases look for
> nonrandom patterns

> outliers (unusual observations)
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i FE=AEMHZE, EABNNFE. IEERERRNER, -
THARA N EFERIAE, (1 (2) (3)

(1) [
(2) [
(3) [H7E3]

» A. Nonlinearity

» B. Non-constant variance
» C. Non-Normality

» D. Dependency

» E. No obvious violation
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Built-in Diagnostic Plots in R

> reg <- lm(hours ~ lotsize, data=toluca)
> plot(req)

» Use aplot function to an 1m object after running an analysis
» Then R will show four diagnostic plots one by one:

> Residuals vs Fitted

> Normal Q-Q

> Scale-Location

> Residuals vs Leverage

» Points with numbers next to them in each plot are extreme values
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1. Residuals vs Fitted

» This plot shows if residuals have non-linear patterns

» It’s good if residuals equally spread around a horizontal line without distinct patterns
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2. Normal Q-Q

» This plot shows if residuals are normally distributed

» It’s good if residuals are lined well on the straight dashed line



3. Scale-Location (or Spread-Location)

» It shows if residuals are spread equally along the ranges of predictors

» Check the assumption of equal variance (homoscedasticity)

» It’s good if you see a horizontal line with equally (randomly) spread points

Var(e;)
= (1 - hy)o?
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4. Residuals vs Leverage BYLE

» This plot helps us to find influential cases if any

» What is a ‘leverage’?

> Extreme cases against a regression line which can alter the
results 1f we exclude them from analysis

> Another way to put it 1s that they don’t get along with the
trend in the majority of the cases

Leverage is a measure of how far away the independent variable values
of an observation are from those of the other observations

» Also known as the observation self-sensitivity or self-influence

aY;
hii - _6Y € [0,1]
l



1.2
REFAY
IS

Notes

» Prove that

1 X: — X)?
=ty ER
n
j=1(Xj—X)
» Proof:
aY; d 0 _ _
hi; = 3y, = av, (b_o + X;b;) _6_Yl-[y+b1()_(i - X)]
1 0 _ Y (X, —X)Y;
=+ (X = %) = _)2’
" l ?=1(XJ_X) |
(X; — X)?

1
__l_ —
n ?=1(Xj _X)
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Outliers vs High Leverage Observations i

» Two types of extreme values (FH1H)

> An outlier (B HHH) is a data point whose response y does not follow the
general trend of the rest of the data (high discrepancy, with large residual)

> A data point has high leverage (FL#H) if it has "extreme" predictor x

values. A small change 1n this point has the potential to be influential <

» A data point is influential (58521 y%) if it unduly influences any part of a

regression analysis

> Removing the observation substantially changes the estimate of coefficients
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Outliers with high
leverage are
influential data points
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From Residual to
Studentized Residual:
Motivation



Standardized Residual vs Studentized Residual

ei

» Standardized residual: . Almost all should be between + 2 Var(e;)) = (1 — hy)o?

s(e;)

» Studentized residuals offer an alternative criterion for identifying outliers:
Standardizing the deleted residuals

> Deleted residuals: d; = Y; — 171-(_1-)
o Al-(_l-): the predicted response for the i observation based on the
estimated model with the i# observation deleted

» Studentized residuals:
d; e;

- S(di) - \/MSEL(l — hii)
(p. 394 Section 10.2)

L

€i
MSE;

> Semistudentized residual: t; =



Back to 4. Residuals vs Leverage (Cont’d)

» Again, this plot helps us to find influential cases if any

» This time patterns are not relevant. We watch out for outlying values at
the upper right corner or at the lower right corner

» Look for cases outside of a dashed line, Cook’s distance

~ N 2
_ %% —Yep)
ps?
> ¥y fitted response
value obtained when
excluding the i case

D;
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Recap of New (Difficult) Concepts

» Standardized residual & Studentized residual

» Leverage, h;; = % € [0,1] Y = HY

> A point with zero leverage has no effect on the regression model

> If a point has leverage equal to 1 the line must follow the point perfectly
1 (X, — X)?

n yn 7)2
) j=1(Xj — X )
> Helps determine outlying X values in multivariable setting... may be influential

» Measures the “Distance” of X from center hiy; =

~ ~ 2
2i(Vi=Yj-1)
ps?

_ ef h;;
ps?| (1 — hy;)?

» Cook’s D, D; =

: Influence of i case on all predicted values
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T()luca EXample > reg <- lm(hours ~ lotsize, data=toluca)

» par (mfrow=c (2, 2))
plot (req)

par (mfrow=c(1,1))

» Will discuss these
diagnostics more with
multiple regression

» Plots provide rule of
thumb limits

» Questionable observation
Ob21(30,273)
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Lack of fit for Nonlinearity

» Goodness of fit, to test if the model is adequate
» Prerequisites: replicates!

> When we have repeat observations at various values of X, the error
term will be partitioned into pure error (error within replicates) and a
lack of fit error

» H,: There 1s no lack of fit in the regression model
vs Hy: There 1s a lack of fit in the regression model

» Use GLT, basic idea is to compare two models

» Description in KNNL Section 3.7
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-_ . A A — \
olZBIERY general linear test, Hy: B, = 0, E{iIELER
Y; = By + [1X; + €; (full model)

Y; = By + &; (reduced model) )

XE, KHEIERY
Ho:pi = Bo + B1X;i vs Hy:yy # Bo + B1X;
AR full model & [(EZ51], reduced model & [(E%=2] ,

fritEZe, BEFRIA:

1.Y, = ,30+,31Xz+51} .
2.Y, = By + & , i=1..,n
3 ,80+,81X +€U _ '
5 ,\T:T



Decomposition of Error Deviation

0
Yij=w t&; =Yy, =Pot+[rX; +ej

1.3
P S UL

i=1,...,¢;j=1,..,n E n,=n

Vi =Y,

+ ) (=TT -

c n;
Y (= T)’
i=1j=1

SSE

n— 2

=y = 1)+ (Vi - 7))
——

H_J

f) =) (0=1) ) (1, =T) =0

c n;

=an V=T 4 ) ) (Fi- )’

i=1j=1

= SSPE + SSLF

= n—c¢c + ¢ — 2
Why replicates?



1.3

ANOVA Table S DL

» For testing lack of fit of simple linear regression function

Reduced model
Yij = Bo + B1Xi + &

Full model
Yij = pi + &

i (1 — (Bo + BiXD)’

E(MSLF) = 0% +
c—2

E(MSPE) = g2
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R Code and Output
Ho:pi = Bo + B1X; vs Hy:py # Bo + B1X;

> Full <- 1Im(hours ~ 0 + as.factor(lotsize), data = toluca)
> anova (reg, Full)

Analysis of Variance Table 80 399 20 113

—— 30 121 110 435
Vi = i + & Model 1: hours ~ lotsize 00221100 420

; i & . 90 376 30 212
Model 2: hours ~ 0 + as.factor(lotsize) 70 361 50 268

Reduced model Res.Df RSS Df SumofSq F Pr(>F) 60 224 90 377
Yij = Bo + B1Xi + & 1 23 54825 120 546 110 421
80 352 30 273

2 14 37581 9 17245 0.7138 0.6893 100 353 90 468

50 157 40 244

n =25, c=11 e 17245/9 40 160 80 342

37581/14 e 70




Em ==

Y = By + f1log(X) + € (Log—linear)
Y = By + B X + B,X? + & (Quadratic)

&

Jat

=, 2

A2 =

#HAE

2057




2.1
AN
FF1E

Nonlinear Relationships

» We can model many nonlinear relationships with linear models, some
have several explanatory variables (i.e., need to move to multiple linear
regression)

» Sometimes one can transform a nonlinear equation into a linear equation

> Consider
Y = Boexp(B1X + ¢€)
> Can form linear model using log
log(Y) = log(Bo) + 1 X + ¢

» Many other times, such transformations may not exist. Then, nonlinear
regression analysis 1s required



2.1
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Nonlinear Relationships et

» If we don’t want to alter assumptions on errors, we can instead perform

a nonlinear regression analysis
> Means vary in nonlinear manner

> Observations deviate about these means just as in linear regression

» KNNL Chapter 13

> Introduction to Nonlinear Regression and Neural Networks

» R nls function (nonlinear squares)



Nonconstant Variance

» Sometimes we need to model the way in which the error

variance changes
> May be functionally related to X
> In other words changes with the mean

» In this case, we use a weighted analysis

» This is discussed in KNNL 11.1 (WLS)

» Specify weights in the 1m function

2.2
ML
RIE
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Non-Normal Errors

» Transformations of Y often allow you to still use linear regression

» If not, use a procedure that allows different distributions for the

error term

> Rglm
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Generalized Linear Model X

» Possible distributions of Y

Probability dens

> Binomial (Yes/No or percentage data)

> Poisson (Count data)

» Gamma (exponential)
> Inverse gaussian/Wald
> Negative binomial ;
> Multinomial

> E(Y) =9g(Bo + B1Xy + )

> g:amonotonic nonlinear transfort

Probability

> g~': known as the "link" function
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Transformations

» Large values are more variable than smaller values
» Transformations are typically performed to:
> Stabilize variance - to achieve equal variance

> Improve normality - often violated because it 1s easy to have an outlier

when variance is large which can be 'reined in' with a transformation
> Simplify the model

» Sometimes transformations will solve a couple of these problems



Variance Stabilizing Transformations

» E(Y) = pu,,and Var(Y) = h(u,): variance changes with p,

» Consider transformation f(Y)
> f) = fu) + F ) (Y — i)
> Var(f(Y)) = (f' (ux))?h ()
» Aim to have (f'(u,))*h(u,) = constant = f'(u) =

Fw) = f oo
VR
» Examples:

» When h(p) = p?, f (1) = log(u)
> When h(u) = p®,v #1, f(u) = cu'™

C

Vh(®)

=

2.4
{3z



2.4
Box-Cox Transformations (1964) A

» Also called power transformations

» Designed for strictly positive responses
» Adjust for non-Normality and nonconstant variance(variance stabilization)
» Y* =Y% orrescaleitas Y* = (Y’1 — 1)//1

> In the second form, the limit as A approaches zero is the (natural) log

» Choose the transformation (A) to find the the best fit to the data



2.4

Important Special Cases CE 2

» If the variance is small at the low end and quite large on the right side,
producing a fanning effect. Consider the family of transformations

> A=1Y" =Y, no transformation

> A =0.5,Y* = Y1/2 square root transformation K

> A =0,Y" = (natural) log of Y /

> A =—0.5Y* = Y~1/2 one over square root
»A=-1,Y*"=Y"1=1/Y, inverse, reciprocal Vi

» Transformations towards the bottom of the list are stronger in how they
shrink large values more than they shrink small values
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[1lustration




2.4
Box-Cox Details st

» We can estimate A by including it as a parameter in a non-linear model

YA —1

l

A

= Po + 1 X; + &

and use the method of maximum likelihood to estimate it

» Details are in KNNL p 134-137
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T]de? = 1/a
JAy) = 1_[ —ar
2 : i

1 S -1)/A-Bo-B1Xi) 2

> L(/l,ﬁ,az) = n nexp {_ 5 g2 }](A,y) Yi’1‘1,if1¢0
(2m)20 _. %li_

1/Y;,ifA=0

» Take K, = ([]Y;)*/™ (geometric mean), then J(4;y) = n(’l 1) Lt s

N Y A_1) /A= e B X1 )
» log (L(A,,B,az)) = —%log(Znaz) _L ((Yl 1)2/};230 ﬁle) +n(A—1)log(K,)

2 _
YH(YA = 1) /A= By — By X;) /K4
20-2/1(22(1_1)

= ——log (27102/1(2@ 1)) —

A

> Take 52 = —7r, h(¥;, ) 2 o2l SSEQD) 2 SR(A(Y:,A) — o — BuXe)’
2 2
) SSE
log (L(%.8,5%)) = log (L(1.§,67)) = — log (2n6?) - >
QY 1) =

> r%agg log (L(/l G, 02)) = max log (L(/1 B, 02))

log (L(A,B,0%)) = log (L(A,B,6%)) = in SSE (4
:arg/{nax og(( ,Ba)) argﬁnax og(( ,Ba)) arg)rlrlln @)

K, (Y -
Kzlog(yi)a
where K, = ([1Y;)¥/™ and K;= 1/(AK3™1)

2.4
{3z

1),if2#0
if1=0
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Box-Cox Solution SSEQ) £ ) (h(%2) = fo = Biy)’

» Standardized transformed Y is

= (e

where K, = ([]Y;)Y/™ (geometric mean) and K;= 1/( K5 1)
» For each A, regress h(Y;, A1) against X; and obtain SSE (1)
» Best choice of A minimizes SSE (1), denoted as A(MLE)

» One degree freedom confidence interval

By Wilks’ Theorem

1
(A, A) = {/’L: log(L(1)) = log(L(A)) — EXlz,l—a} ~2log (%) < x21q




Example

CHO3TAOS.txt

Iplasma=log,,plasma

1
2

6
7

11
16
17
21

25

age plasma Iplasma

0 13.44 1.1284
0 12.84 1.1086

1 10.11 1.0048
1 11.38 1.0561

2 9.83 0.9926

3 7.94 0.8998
3 6.01 0.7789

4 4.86 0.6866

4 6.23 0.7945

2.4
{3z
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» Variability large
initially and gets
smaller

> Is it just different at
age=0? Orisit
more a function of

age?



Box Cox Procedure

2.4
{3z

» Procedure that will automatically find the Box-Cox transformation

> library (MASS)

> boxcox (plasma ~ age,

data = al,

lambda = seg(-1.5, 0.5, length = 10))
loglike <- boxcox(plasma ~ age, data = al,
lambda = seg(-1.5, .5, length = 10))
loglikeSx[which.max (loglikeSy) ]
< - Best Lambda » Based on the plot,
* - Confidence Interval either take inverse
* < s + - Convenient Lambda square root or log

Functions and datasets to support Venables and Ripley,
“Modern Applied Statistics with S" (4th edition, 2002)
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Discussion

> RIB, AHAFAIRO 1 NEEKIEE?



Doing Procedure by Hand

» First, get the geometric mean

> n <- nrow(al)

> k2 <- (prod(alSplasma))”™(1/n)

> lambda <- seqg(-1, 1, by=0.1)
or:

> k2 <- exp(mean(log(al$plasma)))

2.4
{3z

K,(Y*=1)if2#0
Kylog(Y;) ifA=0

Ko = (Y)Y

K,=1/(AK$41)

h(Yy, A) =




» Get the transformed data set a2

transformed <- NULL

K,(YA=1)ifA1#0
Kylog(Y;) ifA=0

K, = (Y)Y

h(Y;, 1) =

K,=1/(AK$1)

for (1 1n l:length(lambda)) {

kl <= 1/ (lambda[i]*k2" (lambdal[i]l-1))

trans y <- 1f (lambda[1]==0)
{k2* (log(alSplasma))} else

{kl*((al$plasma)lambda[i]-1) }

aZz <- cbind(al, lambda = rep(lambdal[i1], n), trans y)

transformed <- rbind(transformed, aZ2)

2.4
{3z



2.4

— . it
# extract SSE's of linear regressions by lambda

sse <- Dby (transformed, transformedl[,"lambda"],
function(x) anova (lm(trans y ~ age,
data = x)) [,2][2] )
plot (sse~lambda, type='1l")

Recall that
>anova (lm(plasma ~ age, data = al))

Analysis of Variance Table

Response: plasma

Df Sum Sq Mean Sq F value Pr(>F)
age 1 238.056 238.056 70.211 1.92e-08 ***
Residuals 23 77.983 3.391



Obs

10

lambda

-1.0

SSC

33.9089

32.7044

31.7645

31.0907

30.6868

30.5596%**

30.7186

31.1763

31.9487

33.0552

2.4
{3z



2.4

» Apply the transforms ([5G

alStplasma <- al$plasma” (-0.5)
alStplasmal <- log(al$plasma)

hist (alStplasma, prob=T)
lines (density(alStplasma), col='red')



2.4

» Transformed data fi AT

library (ggplot?2)
ggplot (al, aes(age, tplasma)) + geom point () +
geom smooth (method="loess", se=FALSE)



2.4

Prototype Regression Patterns e

» Note change in error distribution
as function of input

} » Can be combined with
transformation on X

» Note constancy error terms, for nonlinear relation only



Background Reading

» Sections 3.4 - 3.7 describe significance tests for assumptions

(read it if you are interested)

» Read Chapter 4, especially Sections 4.1, 4.2, 4.4, 4.5, and 4.6



Topic 2:
Additional Topics



Outline

» 1. Regression Through the Origin

» 2. Inverse Predictions



Regression through the Origin

IR
AYES

» Y, = [ X; + ¢, that is, assume Sy = 0

» Im(Y ~ 0 + X ) mR

» Generally not a good i1dea because of model misspecification and chance variation

» Might be forcing model to behave certain way in area with no data

» Problems with residuals, R? and other statistics

» See cautions, KNNL p. 164

_ [

b_ZXiZ Eeiio

(=77 = (5= 0"+ (B = V)" + 20— 7) (% = )

SST # SSE + SSR,
n—-1#n—-1+1



Inverse Predictions

» The same model:
Yi= Po+ B1Xi+ &

» The fitted regression function:
Y = bO + b1X

» Instead of predicting Y;,, predict the corresponding
Xh' )?h, given Yh

> Solve the fitted equation for X,

N Yn—>b
>Xh:h 0

, where by # 0

1

» Approximate CI can be obtained, see KNNL p. 169

[z [EF



Inverse Predictions/Calibration R

» Technical applications
> Validation of new instruments

> Assessment of sample "unknowns" against a set of standard values



IIEER— AR AP EFTEE X KT Y AY
Y = bo + b1X

M YXRTX RIEE

X = ay+aY
(KRR o, = o))
1. &40 Cor(X,Y) = LIRRBEUTA?
2. B30 Cor(X,Y) = —1LARRBENTA?
3. {40 Cor(X,Y) = 0,{FREBEEUTA?

3%




Angle between Two Regression Lines RIATTR

» The geometric interpretation of 7 is the size of the angle 0 0<aby <1

between the regression of Y on X and of X on Y = 0<1|bi| =1/lai| _
Systematically away from X

> The smaller 8, the larger the r Y = —ay/a, + 1/a. X
b = Z(Xij)?)(yi—y)_ Y = by + b X
VEX-XZE-1)? I
» Y =by+ b X; X=ay+a,Y o |
> b1=T&;a1=TS—X;:>a1b1=T'2 \ I
Sx Sy |
i—bl 2
a 1—-a41b 1-r
» tan(f) = —4— = — = Sy S
1+,-bs ai+bq r(%+§)

> When Sy = Sy, r =

1+V1—cosf



Always Plot Your Data!



. . ° R .
Limitations of R? L R
bt X.(X; — X)?
» summary (modl) $r.squared = S (Y, — 7)2
» R? does not measure goodness of fit < >

> With a large 0, R? can be tiny even when the model is completely correct
> R? can still be high, with a nonlinear term obviously missed
> R? can be anywhere between 0 and 1 just by changing the range of X
» R? says nothing about predictive ability
> MSE 1s a better measure of prediction error
» R? does not allow you to compare models using transformed responses

> R? can easily go down when the model assumptions are better fulfilled

2 - :
» R“ does not measure how one variable explains another Adjusted R? does nothing to

address any of these issues

> If we regressed X on Y, we’d get exactly the same R?
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Objectives

vV v v VVvYVyy

vV vYvyyvyy

Diagnose a regression by the build-in plots in R.

Understand leverage, and know how to detect outlying X values using leverages.

Distinguish among outliers, high leverage observations and influential points.

Distinguish between standardized residuals and studentized residuals.

Know how to detect outliers by way of studentized residuals or studentized deleted residuals.

Know that the (linear) lack of fit test only gives you evidence against linearity. If you reject the null,
and conclude lack of linear fit, it doesn't tell you what (non-linear) regression function would work.

Understand the "derivation" of the linear lack of fit test. That is, understand the decomposition of
the error sum of squares, and how the expected mean squares tell us to use the ratio MSLF/MSPE to
test for lack of linear fit.

Know how to perform a Box-Cox transformation.

Know the common transformations.

Understand the limitations of a regression through the origin.
Know the relationship of two regression lines.

Understand the cautions necessary in using the R? value as a way of assessing the strength of the
linear association.



Homework

vV v vVvy

Prob-1. KNNL 3.9
Prob-2. KNNL 3.15(Data Set: CHO3PR15.txt)
Prob-3. KNNL 3.16

Prob-4. Consider the following data set (on the next slide) that describes the
relationship between “velocity” of an enzymatic reaction (V') and the substrate
concentration (C). A common model used to describe the relationship between
“velocity” and concentration is the Michaelis-Menten model,

0,C
V==
0,+C

where 6, 1s the maximum velocity of the reaction and 8, describes how quickly (in
terms of increasing concentration) the reaction will reach maximum velocity. With

this model, 1/V can be written as a linear model with explanatory variable 1/C.

1_1+021_ s 1
Ve, elc_ﬁ" hre




Homework Cont’d

v

You are asked to investigate whether this linear transformation results in a

good or poor fit by doing the following steps:
a). Generate a scatterplot of V vs €. Comment on the shape.
b). Define new variables for 1/V and 1/ C and generate a scatterplot.

Does the fit appear linear? Does there appear to be any violation of
assumptions?

c). Is the distribution of 1/C different than C? Are there any points that
may be more influential in determining the fit?

d). Determine the least squares regression line for 1/ V vs 1/C. Save the
residuals and predicted values and generate a residual plot. Does the
residual plot suggest any problems with assumptions?

¢). Generate a scatterplot of V versus C and add the predicted values of V
from your linear regression model (i.e., transform back to the original
units). Comment on the fit.

Concentration Velocity

0.02 76
0.02 47
0.06 97
0.06 107
0.11 123
0.11 139
0.22 159
0.22 152
0.56 191
0.56 201
1.10 207
1.10 200




Background Reading

» 3.8 Overview of remedial measures

» 3.9 Transformations

» Next class we will do simple regression with vectors and matrices

so that we can generalize to multiple regression

» Scan through KNNL 5.1 to 5.7 if this 1s unfamiliar to you
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