Introduction to Causal Inference

Lecture 6

Stratified Randomized Experiments
&
Pairwise Randomized Experiments
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The Project Star

>
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A randomized evaluation of the effect of class size on test scores
conducted in 1985 - 1986 in Tennesee called the Student/Teacher
Achievement Ratio experiment.

Very influential experiment: “one of the most important educational
investigations ever carried out.”

We use the kindergarten data.

The unit of analysis is the teacher or class, rather than the individual
student, to help justify the no-interference part of SUTVA.

The specific outcome we analyze here is the class average score on a
mathematics test.
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Stratified Randomized Experiment

An important case of a classical randomized experiment

Group the units into / strata based on the value of covariates
Implement a CRE within each data strata: N(j), N.(j), N:(j) for stratum j
Proportion of stratum j: q(j) = N()/N *N=N; +-+N;
Propensity score of stratum j: e(j) = N:(j)/N(j)

Let G; € {1, ...,]} denote the strata of unit i, and let B;(j) = I(G; = j)

vV v v v v VvV Vv

The assignment mechanism:

J N ) -1
Pr(W[X,Y(0), Y(1)) = | | ( U ) for W e Wt
j=1

Wt =(WeW YN B W, =N() forj=1,...,J)

» Also known as Randomized Blocks Experiments (RBEs)
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The Project Star Data

Table 9.1. Class Average Mathematics Scores from Project Star

» Unit: N = 68 teachers/classes in 16 schools
School/ No. of Classes Regular Classes Small Classes
» Treatment: small class (13-17 students) Stratum (W; = 0) W; = 1)
» Control: regular class (22-25 students) . X S T o T
» Outcome: class average score on a math test Z i _?ﬁ: (1329556 _2j3§ij 0_36;50 e
5 4 ~0.126, 0.106 ~0.258, ~0.083
» Covariate for stratification: school ID 6 4 ~0.597, —0.495 1151, 0.707
04 ) ) 7 4 0.685, 0.270 0.077,0.371
» Stratified randomized assignment: X 6 0934, ~0.633 —0.870, ~0.496, —0.444, 0392
9 4 ~0.891, —0.856 ~0.568, —1.189
13 schools/strata with N; (j) = N, (j) = 2 10 4 —~0.473, —0.807 ~0.727, —0.580
11 4 ~0.383,0.313 ~0.533,0.458
2 schools/strata with N, (j) = 3,N, (j) = 2 12 5 0.474,0.140 1.001, 0.102, 0.484
13 4 0.205, 0.296 0.855, 0.509
1 schools/strata with N; (j) = 4,N,. (j) = 2 14 4 0.742, 0.175 0.618,0978
] ] 15 4 ~0.434, —0.293 ~0.545,0.234
» Number of possible assignments: 16 4 0,355, ~0.130 ~0.240, ~0.150
613x102><151 ~ 2x10%° Average ~0.13 0.09
v v (S.D.) (0.56) 0.61)

4 5 6
%ﬁﬁ%ﬁﬁ—'ﬁ%ﬁ%ﬂ%ﬁg (2> )




The Case with Two Strata

» Divide the N units into 2 subsamples: females (f) and males (m)

Implement a CRE within each data strata: N(j),N.(j), N:(j) for the jth
stratum

Proportion of stratum j: q(j) = N(j)/N

v

Propensity score of stratum j: e(j) = N:(j)/N(j)
Let G; € {1, ...,]J} denote the strata of unit i, and let B;(j) = I(G; = j)

vV v v Vv

The assignment mechanism:

N -1 -1
Pr(W|Y(0),Y(1),S) = (Nt((]g) - (ﬁ((n’;))) for W e W+

1
v

%W:{memm§:m=Nﬁxz:m=Mm%

1.Gi=f i:Gi=m
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Causal Estimands in SREs

% Average causal effect (ACE) in females:

1
5s(f) = NG) P (Yi(1) - Yi(0))

% Average causal effect (ACE) in males:

1
Tgs(m) = NGm) (Yi(1) - Yi(0))

i:Gi=m
% Average causal effect (ACE) in all units:

N(f) N(m) N

1
= M 7s(f) + i T(m) = ;j(r.-(l) — Y:(0))

Weighted average based on sex distribution in all units
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Why SREs?

» SREs are ideal alternative when CREs are not feasible
» SREs may lead to more precise estimation of causal effect

» Studying SREs will aid interpretation & implementation in
observational study
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Inference Challenges of SREs

» A straightforward strategy:
> Deal with each stratum separately

> Summarize results from different strata to draw
inclusion

» Practical challenges:
> Sample sizes are often small in each stratum

> Not interested in inference within each stratum: 7¢(f) or
Tfs (m)

» Interested in inference across all strata: 7¢ or g,
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Review

No X With X

( Model-based \ Lec 4 Bayesian
4 N\
S.P. Reg. [ec3 Linear Reg’
Methods = Neyman ) Freq.
FS.( Neyman Y Lec 2 Linference
. Fiducial
9 Fisher y
Assumptions SUTVA; (1-3) on W. Lec 5
Framework Framework Lec 1
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Inference Approaches for SREs

» Fisher’ s Exact P-Values

whether there exists a non-zero unit-level causal effect?

» Neyman’ s Repeated Sampling Approach

how to estimate the average causal effect?

» Regression Methods

how covariates help estimate the average causal effect?

» Model-Based Inference

How concrete parametric models on potential outcomes
help the infer the average causal effect?
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Fisher’ s Exact P-Values

< Fisher’ s sharp null hypothesis:
Ho : Yi(0) =Yi(l)fori=1,2,...,N > Same as the one in CREs

*¢» Choice of test statistics:

> T m) = |Ym) — Yo (m)| or T = [V — V(D™ x

Advantage: conceptually straightforward
Disadvantage: only use part of the data, may not be sensitive to the violation of H,
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Fisher’ s Exact P-Values

< Fisher’ s sharp null hypothesis:
Ho : Yi(0) =Yi(l)fori=1,2,...,N > Same as the one in CREs

*¢» Choice of test statistics:

> T4 (m) = [V (m) — 7O (m)\ or T() = |7;"() - Y™ | x

f bs bs bs 1 W) . yobs
Gl L Ol o Nt(m)zw‘ B N+ vy 2 W

y/ Ni(f) Yobs N.(f) }—,obs Ni(m) I—,Obs N¢(m) I—,obs
= ) Ne ¢ N+ N, D (m) N Lo (m)
Advantage: same as the one in CREs

Disadvantage: no longer has expectation equal to zero as it did in a CRE
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Fisher’ s Exact P-Values

< Fisher’ s sharp null hypothesis:
Ho : Yi(0) =Yi(l)fori=1,2,...,N > Same as the one in CREs
“ Choice of test statistics:
1) = [V 0m) — 7" m)| or 79 = |70 — Yep™ | x
> def='l—,?bs_?gbs Y /X

: —obs bs —obs bs Weighted f
T = (1 (BP0 - F0) + A= D) (R7m - FRm)| N g ee

Proportion of strata: A = Agss = N()/(N(f)+N(m)). =mmmmp  TdifARSS

L) KRG SHIRR LR




Fisher’ s Exact P-Values

< Fisher’ s sharp null hypothesis:
Ho: Yi(0)=Yi(l)fori=1,2,...,N

*¢» Choice of test statistics:

- T = |7 = Y em)| or T = [770) - Y0 x
> lef —obs ?gbs \/ /X

> T = L (T - T) + (- - () - Tm)|

> Trank= E;—§c|

RERFSGTSRHREMFER

, Difference in average rank as in CREs

Would not be attractive if there is substantial variation
between strata

N N
Z R R.i = z lypbs<y?bs + % (1 - Z ll?bs=bes) - ]%

&
l Wi=0 : J=1 J=1
v

Normalized rank of unit 7 in whole sample



Fisher’ s Exact P-Values

< Fisher’ s sharp null hypothesis:
Hy: Yi(0)=Yi(l)fori=1,2,...,N

*¢» Choice of test statistics:

- T = |7 = Y em)| or T = [770) - Y0 x
f —obs 70bs
> T4 = = 4 v /X
> Tdif,ﬁl 2 (?:)bs(f) N ?gbs(f)) 1 (1 . A) (Yﬂbs( ) —Obs(m))‘ \/
> Trankz }_?f_ﬁc| \/ /X
i 1
» grankstratum _ }—eiﬁﬂt . thrat Eftrﬂt _ % Z RStrat —2'1"-“ = Rstrat
, t:i:W,-:l ¢ f&w.:o ,
_ 1]."0 Y° bs + = (1 -+ E lypbszypbs) - (f) s ’ lfG, =f,
Rsmt=<j:Gj=f J i 2 JjiGi=f J l 2
1 Nm)y+1
Z. ].Yobs Yobs + - 1 -+ Z 1Yobs Yobs - ’ if G;‘ =m.
BHREREZSG T S5HER S G =m 2( 6 =i ) 2
ormalized rank of unit 7 w1tn1n its stratum




Fisher’ s Exact P-Values

< Fisher’ s sharp null hypothesis:
Ho: Yi(0)=Yi(l)fori=1,2,...,N

*¢» Choice of test statistics:

- T = |7 = Y em)| or T = [770) - Y0 x
> T = v /X
> T =0 (B - 7)) + (= D) (B - Y m)|
> T = |R, —R| VoI X
> prankstam _ | gsrat_ pstrat v

“* Get exact null distribution & P-values of the selected test statistics:
Follow a similar procedure as in CREs: enumerate all possible values of W
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Fisher’ s Exact P-Values for | strata

< Fisher’ s sharp null hypothesis:
Hy: Yi(0)=Yi(l)fori=1,2,...,N

*¢» Choice of test statistics:

> T (m) = ?fbs(m)—?gbs(m)‘ or Tdf(f) = ’?fbs(f)_?c(f)obs X
5 pdif _ '?obs ?obs y /X
> T =320 (B - T =0 J
> T = (R~ R v /X
> Trank,stratum . ]_Q:trat N I_qu.at \/
N(G; 1
RSlraL Z l].-’l:lbs }-'Dhs + = (1 + Z }-'ﬂhs_]..-?bﬁ) - ( 13+ .
[Gr=0;j 1"Gy=0;

L) WG SHORRRE R




Example: The Project Star Data

< Fisher’ s sharp null hypothesis:
Hy: Yi(0)=Yi(l)fori=1,2,...,N

*¢» Choice of test statistics:
—0bs

- T 0m) = [7%0m) = ¥e™0m)| or 798 = [V — (0| x
> 74— [ 7| = 0.224 wemp = 0034 v /X
4 ﬁmgzﬁiMﬂ(ﬁmm—??WH- v
b TURsS = (0,241 memmp p = 0.023
5 rank,stratum _ }—_\,?trat N }—.\,itrat = 048 mmm) p = 0|.15 v

Fails to reject the null hypothesis due to few outliers in the space of classes

~ *» Remark: the p-values are calculated based on approximation by simulation
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Neyman’ s Approach

% Causal estimand: Average causal effect (ACE) in all units

_ N N(m) ISy
Tfs = NG + N(m) -rfsff) + NG + Nm) 'Tfsim) =N IEZI:(Y::(I) — Yi(0))
1 -
ti5(f) = NG izG:f(Y,-(l) — Yi(0)) T5s(m) = Nem) 2 (Yi(1) - ¥,(0))
i.strat i N(f) N(m) =

~ NP +Nm) %dii(f) iy N() + N(m) % (m)— Calculated & inferred in a similar way

Use only data %) = ?fbs(f) B ?gbs(f) — X Z W; - YOS — 1 Z (1 — W) yos

in one stratum: l M(f) i:Gi=f Ne(f) i:Gi=f
2 2
Results for CREs: Ey (£9f(f)) = 74 (f) Vw (fdif(f)) — J‘S\;"‘((’;)) + i;g - SN%‘(EC"))
c t

o) mEkEg SERAER




Neyman’ s Approach

% Causal estimand: Average causal effect (ACE) in all units
N

s T N(f)Nf 1)v(m) | ”Sf” " N(ﬂNJ(rm;f(m) | ’fsf") - ¥ ; (1) = Yi(0))
“0= 5 2 (¥i(1) - Y(0)) 253 (m) = ﬁ izcizm(y,-(l) ~¥(0)
= N D 1 v
Ey (2579) = NG f;V J(rf 13, ) s (F) + 3¢ fl)vim;(m) T (M) = ¢ ----» Unbiased estimator

astrat) _ N(f) 2. A ( N(m) )2. A 7 dif & t9f(m) are independent
Vw (‘r ) = (N(f) +N(m)) Vw(zyr) + N; + N(m) VYw(Tm) < (f) ( ) p

Estimate of the variance upper bound
_ ( N() )2 | (scw LSO S%m) gneyman _ ( N() )2 ( ) (f))
N(f) + N(m) Ne(f)  N(f)  N(f) — N(f) + N(m) Nc(f) Nz(ﬂ

+( N(m) )2. (sc(m)2 +s?(m)_si,<m)) N ( N(m) )2_ (sﬁ(m) +s?(m))
N()+Nm)) ~\Ne(m) * N(m)  N(m) ) N({)+Nm)) \Ne(m) = Ne(m)




Neyman Approach for Project Star

% Causal estimand: Average causal effect (ACE) in all units

N
N(f) N(m) 1
— . . —— Y;‘ 1 - Y;’ 0
W=yt v SOt N+ Nem ™=y le( (1) — Yi(0))
< SRE: % CRE (incorrect, for comparison):
—obs —0bs

G = 7)Y, ().
sc(j)* p st(7)

Vneyman(])
Ne() Nt
> 7 strat (]‘): #dif ?obs ?obs
Z . 2(j) = 0.241 2l = 7 — Y, = 0.224
= lJ
> <yneyman _ (N (7)) . Yreyman iy — (),0922, Standard error (.141
N :

> 019-95(rfs) = (0.061,0.421) : 0.053, 0.500)
This estimator of the sampling variance is biased due to variation
in the probability of treatment between the different strata (0.5, 0.6, 0.67).
a gain in precision from the stratification, due to variation
RIPREG T 'ﬁ%g tage potential outcomes by stratum.




Neyman Approach: SREs vs CREs

1 & o
» Estimand: @ = 5 ) (YD) — ¥i(0)) = Y(1) ~ Y(0),

i=1

» Neyman estimator for a CRE: s o
A di =5 ~dif O 0y N
rd1f=??bs—Y2bs Vsp(‘fdl)=N +N p=ﬁt
. C t
» Neyman estimator for a SRE:
- N ~di N(m) . L >
rstrat . g) . lef(f) + Afv ) ) lef(m) =gq- lef(f) + (1 . q) . lef(H’I) ; =NT(f)
! Y
248y = Yoo (N - Yoo () 15 m) = ¥ (m) — Yo" (m)
2 2 - 2 2
Vsp(fstrat) - g ) (Ut (f) 1 O'C(f)) + l_q . (JI (m) + Oc (m)) _ N:(f) ~ N:(f) ~ N, (m)
N p 1—p N p L=p/ " PN "¢ N Nam)
» SRE vs CRE: E[Yiw)Tth =/
(Vsp(2 ™) = Vip(2*™)) = g(1 — @) - ((elf) = pelm)? + (ua(f) = ps(m))?) > 0
N1 -p) Np

o BHRREGHHSEIEMFE R One is never worse off stratifying on a covariate




Regression Analysis of SREs (I)

B;(j) = I(G; =)), G; €11, ...,]} denote Use (] + 1) parameters

the strata of uniti ‘\\B )

Regression model: Y?bs =1 -W;+ Z B() - Bi(j) + &; Assume that 744(j) = 7 for all strata j
— o |
= Stratum- specmc 1nterszect1ons

N
Least square estimate: (7°F, 8°%) = arg min (Y"bs —7-Wi+ Zﬁ(l) B,(;))
) j=1 )

(z*, p*) = argmin E

Population counterparts to these OLS:
7, (

2
Yo — - Wi+ Zﬁ(r) B; 0))
_’]_
Theorem 9.1 Suppose we conduct a stratified randomized experiment in
a sample drawn at random from an infini € pop lation. Then

(D) t* =14 -+ rw_Zw(]) rsp(,)/ > o) (j) = q(j) - e(j) - (1 — e()))
j=1

J=1-

@) VN - (% - ) 2 ('E[(“‘me(f)-&(f))z'(”f"’sf*-WfEflﬁ?-B=0))2])

—> N |0 5
(L1900 ) - (1 — ()
RIERFGTT 5P ERRemark: the proof follows a similar protocol as in CREs




Regression Analysis of SREs (II)

Regression model with interaction (a saturated model): Use 2] parameters

obs B;(j) NU))
Yo =z . W;. § 'BG) - B; § W; - ( B; i
i T NG)/N -|-j_1 B() - Bi(j) +}_ Y () - ( () — Bi(J) - v + &;
(1) ‘Ej’)s Bi+t1j-W;+e, thent=N" jle(j)Tj.

(i1) l%’)s Bi+1-W;+y;-W;+ ¢, with constraint Z§=1 N(j)y; = 0.

Least square estimate: (f°lsinter golsintery

Population counterparts to these OLS: (77, %)

Theorem 9.2 Suppose we conduct a stratified randomized experiment in
a sample drawn at random from an infinite population. Then

(1) T" = Tsp

J 2/ 2¢:
(2) ~/_ ( ~ols,inter Tsp) _d> N (O’Z‘?U)z . ( Uc‘(]) _ 4 g, 0) ))
j=1

(1 —e())-q0()  e()-q0)
RERFZGT SEHEFF RRemark: the proof follows a similar protocol as in CREs




Regression Analysis for Project Star

+» Causal estimand:

J J
Ty = Z (j) - rsp(j)/ (Z CU(])) or

=1 j=1
% SRE: ;

Y =1 Wi+ Y BG) - Bi() + &
j=1
> 7°8 =0.238 (5.€.0.103)

> Yl-‘g}’)s =pj+71-W; +¢g, thent =N"1Y

> %DIS,inter — 0. 24;1 (g-:-‘é‘: 0- 095)

v

Im(Y obs ~ W + Strata)

Im(Y obs ~ W * Strata)

The two estimates for the average effect are close, with similar standard errors,

RERFSGTSRHREMFER

consistent with limited heterogeneity in the treatment effects .



Model-Based Analysis for SRE (Not require

e o FOY, W6) / FG™ YO, W) dy™
's’Yobs,W 0 _ ’ - B . >
f((y;)l = f(ymls’ YObS' W' 6) q ' ths
‘ ’ f(Yobs, W)
Step 1

f(Ymis, Yebs |W, 9) R f(Ymis’ YObSlw, 9)
f(Yobs W, 9) N fymis f(ymis’ yobs Iw’ g)dymis

$

FOY™S, 91YS, W) = £(Y™5|Y", W, 0) - p(0]Y°"S, W).

FOY™S| Y W, 9) =

Step 3

. i
FOY™is|Yobs W) = / FOY™iS 9|Y°Ps, W) do.
v

¥

_ The target Step 4
Yrms Yobs q - .
b | V) f(z |Y0bsr W).
5 BEREGTSHENEER




Model-Based Analysis for SRE (Not require

» The 3 inputs LING ! N
i1 SRE Pr(W|S, Y(0), Y(1)) = 1'! (N:o‘)) for We W
=

Yi(0) (D A~ we(j) ch M 0
(i) [0 ~2 (1) (" o2:))

0 = (uc()s (), 02G), 062G, w = 0,1, = 1,...,J), ndcpendentor

" hierarchical prior for 8

N\ (Nem)\
» Example Pr(W|Y(0), Y(1),S) = (Nté)) ‘(Nt(’:;)) for W e W+

i A uc()\ (o* 0
(n(n) B(=16~N ((FIU)) ’ ( 0 02))

(| 2 - Ve pe()) pe(k)
(#:U)) 9% Yor For & . ((}'r) , 2) ’ (#r(f)) + (#r(k))

Hyper-parameters § = (y., 1, £,6%2) hierarchical prior

& = ‘

o) jsla > > S

A% = ';: Ky

s H = — N

ﬂzr ?a‘.‘.‘! ?h E'.lj ?é k




Model-Based Analysis for Project Star

(Not required)
» For the hierarchical prior distribution:

E[z6 Y, W, B, hierarchical] = 0.235,
V(5| YOPS, W, B, hierarchical)* = 0.1077.

» We can also assess the evidence for variation in average
potential outcomes and treatment effects by strata.

pe(j) 2 v Je pel(j) (k)
(#:U)) 0% deyth & N((?r) *E)’ (.ﬂr(f)) = (Pr(k))

Hyper-parameters @ = (y, y;, £,02)

521 }'I'_'!' }'Ir E!J # k'

O E.g. we can check the posterior of ¥ or its elements or new estimand
based on it (e.g. the variance of the treatment effect).

» This shows the richness of model-based analysis.

RERFSGTSRHREMFER




Summary for SRE

» In general the stratification should be considered in design if
treatment rates and potential outcomes vary systematically by
stratum.

» All 4 approaches can be adapted in a fairly straightforward
manner to take account of the stratification.

v Higher power -- choosing statistics (FEP)
v Higher precision (Neyman)
v Appropriate model and correct interpretation (Regression)

v A hierarchical model can be useful to take account of similarities in
potential outcome distributions across strata (Model-based analysis)

» Stratification can increase precision of estimation when the
strata are good predictors of the potential outcomes.

RERFSR T EREMFER
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Pairwise Randomized Experiment

» A special case of a Stratified Randomized Experiment with | = N/2
strata

» One treated and one control unit (i.e., a pair) in each strata:
N(]) — Z»Nt(j) — Nc(j) =1

» Assignment probablhty:wz N/2

—1
p(WIX,Y(0), Y1) = | | (N@ ) =11 Loov2 forwe w+

L1 \NG) 2
Wt = {W

J=1
- Within-pair variation in potential outcomes < between-pair variation

v
Y Wi=lforj=1,..., N/Z}

i:Gi=j

» Intuition behind PREs:

- If the population is relatively large, it may be possible to get very
close matches of units in each pair

RERFSGTSRHREMFER




Children’ s Television Workshop Data

Table 10.1. Data from Youngstown Children’s Television Workshop Experiment

Pair Treatment Pre-Test Score Post-Test Score Normalized Rank
G; W; X; Y ?bs Post-Test Score
R;
1 0 C 12.9 54.6 ) 75
1 1 12.0 60.6 2.5
2 0 15.1 56.5 —4.5 » Around 1970
2 1 12.3 55.5 5.5 » Evaluate the effect of
’ 0 1.8 752 05 an educational
3 1 17.2 84.8 4.5 ) ,
4 0 15.8 75.6 1.5 children” s
4 1 18.9 101.9 7.5 television program
5 0 13.9 55.3 —6.5 . .
i ) 123 -y By on reading ability as
6 0 14.5 59.3 ~35 measured through
7 0 17.0 87.0 5.5
7 1 16.0 84.2 3.5
8 0 15.8 73.7 0.5
8 1 20.1 108.6 7.5




Special Notations of PREs

Two units within each pair: unit A and B

Potential outcomes: (¥;4(0), ¥;ja(1)) and (¥;5(0), ¥;5(1))

Treatment indicators: W, and W;p

Observed data yobs _ { Yja(0) if Wiy =0, and oD — { Y;p(0) if Wju =1,
JA Yia(l) if Wja =1, J:B Y;p(1) if Wjia = 0.

yoos — § U HWia =0,y yons _ | UB T Wia =0,
= Yop if Wia =1, Jit YO if Wiy = 1.

vV v v Vv

» Unit-level assignment probability: Pr(W;4 = 1/Y(0), Y(1),X) = 1/2

» Average treatment effect within pair j treated subpopulation = control subpopulation

1 1
tair() = 5 D, (YD) = ¥i(®) = ((Yja(D) = Y;40) + (¥5(1) - ¥;5(0)))

i:Gi=j { N ) N/2
s =— y (Yi(1)—Yi0) = = )  pair(j)
KRG SRS R 4 ; N ; p




Children’ s Television Workshop Data

Table 10.1. Data from Youngstown Children’s Television Workshop Experiment
Pair Treatment Pre-Test Score Post-Test Score Normalized Rank
G; W; v vobs Dt Mt O

Table 10.2. Potential Outcomes and Covariates from Children’s Television Workshop Exper-

; " iment, from Table 10.1

2 0

: . Pair Unit A Unit B

3 1

i 3 YiaO)  Yia() Wia YR Xia g0 Yip(l) Wiz YR Xip

: | 54.6 ? 0 546 129 ? 60.6 1 60.6  12.0

¢ ° 2 56.5 ? 0 565 15.1 ? 55.5 1 555 139

7 o3 75.2 ? 0 752 168 ? 84.8 | 848 172

5 o 4 76.6 ? 0 756 158 ? 101.9 1 1019 189

i 5 55.3 ? 0 553 139 ? 70.6 1 70.6  15.3
6 59.3 ? 0 593 145 ? 78.4 1 784  16.6
7 87.0 ? 0 87.0 17.0 ? 84.2 1 842  16.0
8 73.7 ? 0 737 158 ? 108.6 1 1086  20.1
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Causal Estimands in PREs

% Average causal effect (ACE) in strata j:

1 1
wair(i) = 5 ) (YD) = ¥i®) = S ((Yja(D) = ¥;a©@) + (¥5(1) - ¥;5(0)))

i:Gi=j
% Average causal effect (ACE) in all units:
N/2

1 2 .
T = ; Yi(1) = Yi(0) = - > Tpair()

j=1

ST,
: S,
(09 maeRssi SHER YA
Azl 2
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Inference Approaches for PREs

» Fisher’ s Exact P-Values (same as SREs)

- whether there exists a non-zero unit-level causal effect?

» Neyman’ s Repeated Sampling Approach

- how to estimate the QVSr\e\lge causal effect?

R Method .. One treated and one control unit in each strata
> Kegression €thoas - " lead to specified challenges for these two methods

- how covariates help estimate the average causal effect?

» Model-Based Inference (same as SREs)

- How concrete parametric models on potential outcomes
help the infer the average causal effect?

) kg SN R




Fisher’ s Exact P-Values

< Fisher’ s sharp null hypothesis:
Ho: Yi(0)=Yi(l)fori=1,2,...,N > Same as the one in CREs & SREs

% Choice of test statistics: SREs PREs
> TG = 1%() = YO X X
> T = VX VX
> T = 2 (B0 = YD) + (L= ) (7 m) — V()| J J
> T™% = |R, - R| v /X v /X
> TR TR | m-p 1" = ig )| I v
=

** Get exact null distribution & P-values of the selected test statistics:
Follow a similar procedure as in CREs & SREs: enumerate all possible values of W
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Neyman’ s Approach

% Causal estimand: Average causal effect (ACE) in all units

| N 2 N/2
s = g(n(l) —Y(0) = J:Zl rpfr(n
Tpair(f) = % ,--GZ_;(HD - Y(0)) = %((13-,.4(1) — YjA(0)) + (Y;,5(1) — ¥;5(0)))
Adif i e A pair —obs ?obs
__ o JZ; PPAI(f) =

Use only data P — Yobs Yobs Z Q2-Wi—1)- Yobs

in one stratum: ‘ i:Gi=j

Results for PREs: Ey (£P2()) = 745())

Sc()* | SiW)  Sea()® _ ¢ 2, 2gn  Se()’
+ = S8c()" + 5; -

N() MG  NG) i D= 2

V(2P (j)) =
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Neyman’ s Approach

% Causal estimand: Average causal effect (ACE) in all units
N N/2

1 2 .
s = > (YD)~ Yi0) = + > zpaie()

i=1 j=1 l

1 1
wair(i) = 5 3 (YD) = Yi@) = 2 ((Yia() = ¥4(0)) + (¥5(1) = ¥;5(0)))
i:Gi=j
.
1 N/2 1 .

Adif _ Apair n _ 30DS _ 70bs

— N/ZJ.Z;E =7 -T
-

IEW(fdif) =1 > Unbiased estimator
Cannot be estimated all the time

?
N/2 »

Adif | __ 1 2 20 Sc (])
Vw (r ) ~ (N/2)? Z (Sf(i) g S‘f’) B t2 ) @= {fpair(i)}j are independent

1
Cannot be estimated in PREs as each pair

FHERZEZ T SHHEPF Fas only one treated and control unit




Variance Estimation via Extra Assump
> A;:constant treatment effect within pairs:Yj,(1) — Yj4(0) = Y;5(1) — Yjp(0) = Tpair ()

$2() = S2(j) = S2G) =y  Vy(EP()) =2 - 5%()

» A,: treatment effect is constant across pairs: 7,4;-(j) = 74 for all j, and
the within-pair variances are constant Sz(j) — S2 for all j

-

N/2

VW (lef) 1 Z (SZ(’) 2 Sz(}) CI(})) i . 82

(N/2)2 N

P 4 R
ypa ( ) N N=2) ; (rp ) —1 )
) warsdit SEEAEE




Summary of Neyman’ s Approach

Theorem 10.1 Suppose we have | pairs of units, and randomly assign one unit

from each pair to the active treatment and the other unit to the control treatment.
Then

(1) Ey(241) = Tfs ---» Unbiasness
N/2
(2) VW( “‘f) Z(Y;,A(O)'FK;,A(D—(LB(O)+YB(1))) —-»  Variance
f—a N/2 )
air [ ~dif . pair "‘dlf . : : .
(3) VP ( ) N =2 Z (T (j) — ) | Variance estimation

N/2 _
&vair [ dif Adif 4 : 2 = 0 if the treatment
. {Vp | (T )} =Vw(r)+ N-(N—-2) Z (7paiel) = 7) ~ effect is constant across
I =1 and within pairs
If there is heterogeneity in the treatment effects, then this sampling
variance estimator is upwardly biased, and the corresponding
confidence intervals will be conservative but still valid.
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Neyman Estimator: PREs vs CREs

Assume the same assignment vector is achieved in a PRE and a CRE, then
« We will get same estimator for causal effect

« But, PRE 8usually results in a better precision

~di l = 1

Adif _ 3 2,-_:1 rpemr(i) _ 13..:; PRE 2

A . A *f __ ~ i ¥ = 'f — 2
U GYE 8.8 — 1) 'Z._l (P~ 24) " =4.67

% @py= (f — 1.96 x \/\i‘fpair (79f), 7 +1.96 x \/ﬁfpair (fdif)) = (4.3,22.5).

pdif _ yobs _ o _ 43 4 CRE
1 bs\ 2
2 b S 2 2 2
F= v Z (Yg’s—?f; ) —18.52, and s =12.2
I:W;=0
A 32 52
yoeyman § i gf =7.8% (—1.8,28.7)
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Solution for Regression Method?

» Idea in Neyman’ s approach?

» Recall:
Tsp = BEsp[ Tpair()]
~dif _ 2 % pair )
N <

» 9 can also be interpreted as a regression estimator,
where the regression function is specified simply as a
constant:

%palr(j) = Tsp _|_ 8]
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Regression Analysis of PREs

N/2

basic outcome in the analysis 7ols _ E Z fpair(]) — pdif
Apair - j=1
M1l: 55 () =t +¢& e > No additional covariates
Axj= (Wia- (Xja —Xi) + (1 — Wix) - (Xiz — Xja))

M2: %pair(j) =t+p-Axjt+e

> With within-pair differences only

TJ = (Xja +X;5) /2
-~ air .
M3: 7P D=t+y- XJ’ = g > With pair averages only
(Xj — X)

M4: P () =7+ - Axj+ 7y - (Xj— X) + &--—-- With within-pair differences &
pair averages
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Regression Analysis of PREs

Axj= (Wja- (Xj,AT— X;p) + (1= Wja) - (X5 — Xja))
Regression model M4: fpair(j) =t+pf-Axj+ 7y - ()_(j —X)+ &j

basic outcome in the analysis

Xj = (Xja+X;3) /2
N
. R . N2
Least square estimate: (70 gols 5018y — arg rn,]éu; Z (fpalr(j) —1—B-Axj—7y X — X))
Population counterparts to these OLS: =1 , B 2
(z* 8% y*) = arg min I [(?pa"'(i) —T=f-Axj—y X - #X)) ]
T’ ’}’

Theorem 10.2 Suppose we conduct a pairwise randomized experiment in a
sample of pairs drawn at random from the super-population. Then

(1) T* = Tsp

(2) m (fols N Tsp) _d), N (O,Esp [(%Pair(]') —* ﬁ* : :ﬁXJ — ]’* .(Xf - HX))ZI)

Remark: the proof follows a similar protocol as in CREs & SREs
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Regression Analysis for CTW Data

M1: 2P () = 7 +¢ ols — 134 (s7e. 4.3)
M2: tP%() =1+ B - Axj + &; toar() = 9.0 + 54 x Axj,

(1.5)  (0.6)

M3: PPN =1+7y - X; + ¢ PPArG) = 134 + 39 x X,
3.5 (1.7
M4 fpair(j)= t+p-Axj+y -()_fj—)_f)-l-ej

Py = 85 + 59 x Ax; —-1.0X —X)
) BEREG SRR 1.5 ©0.8) 0.7)




Model-Based Analysis for PRE

The inputs J S\ -
P%Wls, Y0).Y() =[] (ﬁ%) " for We Wt Step 2
. =T 0N (o2 SO, Wig) = [, Yo%, Wio) ey
(Y ‘(0)) Bi(1).0 ~ N ((”“(”) , ("f e )) —> s
Yi(1) 11()) 0 o70) ©)- FOY™. WI0)
0 = (el (i), 02 02G), w =0,1,j = 1,...,J). pOY™, W) = B2l
Independent or hierarchical prior for 6 JEESESWY)
Step 1 ‘
SOY™S, YOS |W,0) SOY™S, YOO |W, 0)

FOY™S| YO W, 0) =

f(Yobs Iw, 9) U fymis f(ymis’ Yobs Iw’ g)dymis

$

Step 3 . _
P2 poymis g1y obs, Wy = FOY™S| YO0, W, 0) - p(0] YOS, W),

. .
f(leleObs, W) — ff(les! GlYObS, W) do
G

¥

mis | y70bs q The target Step 4
‘f(Y ‘lY . WY \ F(z| Y, W),
FHERZESG T SHEMFER




Model-Based Analysis for CTW Data

% Causal estimand: Tgg OT Tgp =Y

*» Input:

Y:(0)
- ( Yi(1) )
u(1)

i
> v Jﬁ,ﬂ NN .
r(N/2) 1

» Output:
> B[z YO, W, X, G] = 8.4

> V(g | YOS, W, X, G) = 1.77

RERFSGTSRHREMFER

u(G)+x-p

2
e 2 2 or 0
G'r,,—J,X;—)c,,u(l),...,,u(i‘\i;:/Z),y,ﬁ,frc,.z:rI N(( Ju(]')—l—y-l-x'ﬂ),( 0 Ur.z ))
... 0

o "

Quite similar to those for the regression model
with the covariate equal to differences in pre-
treatment variables,

partly due to the choice of sampling distribution
for potential outcomes.



Model-Based Analysis for CTW Data

e Model:
v Hyper-parameter: 6 = (u,f,v,Inoy, Ino., Ing;)’
v Prior: u,B,y ~N(0,1), 0,2 0:%0;%~ x{ (independent) => p(6)
v Likelihood: Y°* |G, X,W,0 ~? => L(6)

e Random Walk Metropolis-Hastings (RWMH):
O Propose 8* ~ (8™, D), D is diagonal (adapting parameter)
O Accept 80D = @* with prob min{1,p(8*)L(0*)/p(6)L(6)}

e Procedure to get the distribution of 7 :
(1) Generate posterior: g, 8,v,Ino,, Ino,, Ing, | Y°°5, G, X, W
(2) Generate ?
(3) Impute Yimis | Y°PS G, X, W,0,u(-) ~?

(4) Calculate ’l'f(:) =N"1Y.(v:(1) —Y;(0))

Optional
Homework
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Summary
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Summary

>

Stratification should be considered in design if treatment rates
and potential outcomes vary systematically by stratum.

All 4 approaches can be adapted in a fairly straightforward
manner in SRE.

Pairwise randomized experiment (PRE) is a special case of a
SRE.

v Within-pair difference plays an important role in Neyman’ s
approach and Regression approach.

v Hierarchical prior is preferred in model-based analysis.

Stratification (SRE & PRE) can increase precision of estimation
when the strata are good predictors of the potential outcomes.
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» Reference: [T1] Chapter 9, 10
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