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Outline

 Stratified Randomized Experiments

 Pairwise Randomized Experiments

 Summary
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The Project Star

 大班教学好还是小班教学好？

 A randomized evaluation of the effect of class size on test scores 
conducted in 1985–1986 in Tennesee called the Student/Teacher 
Achievement Ratio experiment.

 Very influential experiment:“one of the most important educational 
investigations ever carried out.”

 We use the kindergarten data.

 The unit of analysis is the teacher or class, rather than the individual 
student, to help justify the no-interference part of SUTVA.

 The specific outcome we analyze here is the class average score on a 
mathematics test. 
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Stratified Randomized Experiment

 An important case of a classical randomized experiment 

 Group the units into 𝐽 strata  based on the value of covariates

 Implement a CRE within each data strata: 𝑁(𝑗), 𝑁𝑐 𝑗 , 𝑁𝑡(𝑗) for stratum 𝑗

 Proportion of stratum 𝑗: 𝑞 𝑗 = 𝑁(𝑗)/𝑁

 Propensity score of stratum 𝑗: e 𝑗 = 𝑁𝑡(𝑗)/𝑁(𝑗)

 Let 𝐺𝑖 ∈  {1, … , 𝐽} denote the strata of unit 𝑖, and let 𝐵𝑖 𝑗 = 𝐼(𝐺𝑖 = 𝑗)

 The assignment mechanism:

 Also known as Randomized Blocks Experiments (RBEs)

5

𝑁 = 𝑁1 + ⋯ + 𝑁𝑗

𝐗,
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The Project Star Data

 Unit: 𝑁 = 68 teachers/classes in 16 schools 

 Treatment: small class (13-17 students) 

 Control: regular class (22-25 students)

 Outcome: class average score on a math test  

 Covariate for stratification: school ID

 Stratified randomized assignment:

 13 schools/strata with 𝑁𝑡 (𝑗) = 𝑁𝑐 (𝑗) = 2

   2 schools/strata with 𝑁𝑡 (𝑗) = 3, 𝑁𝑐 (𝑗) = 2

   1 schools/strata with 𝑁𝑡 (𝑗) = 4, 𝑁𝑐 (𝑗) = 2

 Number of possible assignments:
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613×102×151 ≈ 2×1013
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The Case with Two Strata

 Divide the 𝑁 units into 2 subsamples: females (𝑓) and males (𝑚)

 Implement a CRE within each data strata: 𝑁(𝑗), 𝑁𝑐 𝑗 , 𝑁𝑡(𝑗) for the 𝑗th 
stratum

  Proportion of stratum 𝑗: 𝑞 𝑗 = 𝑁(𝑗)/𝑁

  Propensity score of stratum 𝑗: e 𝑗 = 𝑁𝑡(𝑗)/𝑁(𝑗)

 Let 𝐺𝑖 ∈ {1, … , 𝐽} denote the strata of unit 𝑖, and let 𝐵𝑖 𝑗 = 𝐼(𝐺𝑖 = 𝑗)

 The assignment mechanism:
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Causal Estimands in SREs 8

❖ Average causal effect (ACE) in females:

❖ Average causal effect (ACE) in males:

❖ Average causal effect (ACE) in all units:

Weighted average based on sex distribution in all units
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Why SREs?

 SREs are ideal alternative when CREs are not feasible

 SREs may lead to more precise estimation of causal effect

 Studying SREs will aid interpretation & implementation in 
observational study
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Inference Challenges of SREs

 A straightforward strategy:

➢ Deal with each stratum separately

➢ Summarize results from different strata to draw 
inclusion

 Practical challenges:

➢ Sample sizes are often small in each stratum

➢ Not interested in inference within each stratum: 𝜏fs 𝑓  or 
𝜏fs(𝑚)

➢ Interested in inference across all strata: 𝜏fs or 𝜏fs,𝑡
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Review 11
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Inference Approaches for SREs

 Fisher’s Exact P-Values

 whether there exists a non-zero unit-level causal effect?

 Neyman’s Repeated Sampling Approach

 how to estimate the average causal effect?

 Regression Methods

 how covariates help estimate the average causal effect?

 Model-Based Inference 

 How concrete parametric models on potential outcomes 
help the infer the average causal effect?
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Fisher’s Exact P-Values 13

❖ Fisher’s sharp null hypothesis:

❖ Choice of test statistics:

➢  or ✗

Same as the one in CREs

Advantage: conceptually straightforward
Disadvantage: only use part of the data, may not be sensitive to the violation of H0 
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Fisher’s Exact P-Values 14

❖ Fisher’s sharp null hypothesis:

❖ Choice of test statistics:

➢  or ✗

Same as the one in CREs

➢  

Advantage: same as the one in CREs
Disadvantage: no longer has expectation equal to zero as it did in a CRE

𝑁𝑐(𝑓)
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Fisher’s Exact P-Values 15

✓✓

❖ Fisher’s sharp null hypothesis:

❖ Choice of test statistics:

➢  or ✗

Same as the one in CREs

➢  

➢  

Proportion of strata:

Weighted average of 
𝑇𝑑𝑖𝑓 𝑓  & 𝑇𝑑𝑖𝑓(𝑚)

/✗
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Fisher’s Exact P-Values 16

✓

✓✓

❖ Fisher’s sharp null hypothesis:

❖ Choice of test statistics:

➢  or ✗

➢  

➢  

➢  Difference in average rank as in CREs
Would not be attractive if there is substantial variation 
between strata 

Normalized rank of unit i in whole sample

/✗
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Fisher’s Exact P-Values 17

✓

✓✓

❖ Fisher’s sharp null hypothesis:

❖ Choice of test statistics:

➢  or ✗

➢  

➢  

➢  

➢  

✓ /✗

𝑗: 𝐺𝑗 = 𝑓 𝑗: 𝐺𝑗 = 𝑓

𝑗: 𝐺𝑗 = 𝑚

Normalized rank of unit i within its stratum 
𝑗: 𝐺𝑗 = 𝑚

/✗
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Fisher’s Exact P-Values 18

❖ Get exact null distribution & P-values of the selected test statistics:

Follow a similar procedure as in CREs: enumerate all possible values of W

✓

✓

✓✓

❖ Fisher’s sharp null hypothesis:

❖ Choice of test statistics:

➢  or ✗

➢  

➢  

➢  

➢  

✓ /✗

/✗
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Fisher’s Exact P-Values for 𝐽 strata 19

✓

✓

✓✓

❖ Fisher’s sharp null hypothesis:

❖ Choice of test statistics:

➢  or ✗

➢  

➢  

➢  

➢  

✓ /✗

/✗
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Example: The Project Star Data 20

✓

✓

✓✓

❖ Fisher’s sharp null hypothesis:

❖ Choice of test statistics:

➢  or ✗

➢  

➢  

➢  

=  0.224 𝑝 = 0.034

=  0.241 𝑝 = 0.023

=  0.48 𝑝 = 0.15

Fails to reject the null hypothesis due to few outliers in the space of classes  

❖ Remark: the p-values are calculated based on approximation by simulation

/✗
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Neyman’s Approach 21

❖ Causal estimand: Average causal effect (ACE) in all units

Calculated & inferred in a similar way

Use only data 
in one stratum: 

Results for CREs: 𝔼𝑊 Ƹ𝜏dif(𝑓) = 𝜏fs 𝑓
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Neyman’s Approach 22

𝔼𝑊 Ƹ𝜏strat =
𝑁(𝑓)

𝑁 𝑓 + 𝑁(𝑚)
⋅ 𝜏fs 𝑓 +

𝑁(𝑚)

𝑁 𝑓 + 𝑁(𝑚)
⋅ 𝜏fs(𝑚) = 𝜏fs Unbiased estimator

❖ Causal estimand: Average causal effect (ACE) in all units

Ƹ𝜏dif(𝑓) & Ƹ𝜏dif(𝑚) are independent

Estimate of the variance upper bound
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Neyman Approach for Project Star 23

❖ Causal estimand: Average causal effect (ACE) in all units

❖ SRE:
➢  

➢  

➢  

➢  

❖ CRE (incorrect, for comparison):

➢  

Standard error

This estimator of the sampling variance is biased due to variation 
in the probability of treatment between the different strata (0.5, 0.6, 0.67).
There is a gain in precision from the stratification, due to variation
in the average potential outcomes by stratum.
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1111111111111

𝑁𝑝

1111111111111

𝑁(1 − 𝑝)

Neyman Approach: SREs vs CREs

 Estimand:

 Neyman estimator for a CRE:

 Neyman estimator for a SRE:

 SRE vs CRE:

24

One is never worse off stratifying on a covariate 

𝑝 =
𝑁𝑡(𝑓)

𝑁(𝑓)
=

𝑁𝑡(𝑓)

𝑞 ⋅ 𝑁
=

𝑁𝑡(𝑚)

𝑁(𝑚)

𝔼[𝑌𝑖(0)|𝐺𝑖 = 𝑓]

𝑝 =
𝑁𝑡

𝑁

𝑞 =
𝑁(𝑓)

𝑁
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Regression Analysis of SREs (I) 25

Least square estimate:

Theorem 9.1 Suppose we conduct a stratified randomized experiment in 
a sample drawn at random from an infinite population. Then 

(1)

(2)

Remark: the proof follows a similar protocol as in CREs

Regression model:

𝐵𝑖 𝑗 = 𝐼(𝐺𝑖 = 𝑗), 𝐺𝑖 ∈ {1, … , 𝐽} denote 
the strata of unit 𝑖

Stratum-specific intersections

Assume that 𝜏𝑓𝑠 𝑗 = 𝜏 for all strata 𝑗 

Use (𝐽 + 1) parameters

Population counterparts to these OLS: 
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Regression Analysis of SREs (II) 26

Regression model with interaction (a saturated model):

Least square estimate:  ( Ƹ𝜏ols,inter, መ𝛽ols,inter)

Theorem 9.2 Suppose we conduct a stratified randomized experiment in 
a sample drawn at random from an infinite population. Then 

(1)

(2)

Population counterparts to these OLS: 

Use 2𝐽 parameters

Remark: the proof follows a similar protocol as in CREs

𝑁 𝐽

𝑁

(i)   𝑌𝑖(𝑗)
𝑜𝑏𝑠 = 𝛽𝑗 + 𝜏𝑗 ⋅ 𝑊𝑖 + 𝜀𝑖, then 𝜏 = 𝑁−1 σ𝑗=1

𝐽
𝑁 𝑗 𝜏𝑗.

(ii)  𝑌𝑖(𝑗)
𝑜𝑏𝑠 = 𝛽𝑗 + 𝜏 ⋅ 𝑊𝑖 + 𝛾𝑗 ⋅ 𝑊𝑖 + 𝜀𝑖,  with constraint σ𝑗=1

𝐽
𝑁 𝑗 𝛾𝑗 = 0.
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Regression Analysis for Project Star 27

The two estimates for the average effect are close, with similar standard errors, 
consistent with limited heterogeneity in the treatment effects .

❖ Causal estimand:

❖ SRE:

➢  

➢  

➢  

➢  

or

𝑌𝑖(𝑗)
𝑜𝑏𝑠 = 𝛽𝑗 + 𝜏𝑗 ⋅ 𝑊𝑖 + 𝜀𝑖, then 𝜏 = 𝑁−1 σ𝑗=1

𝐽
𝑁 𝑗 𝜏𝑗.

lm(Y_obs ~ W + Strata)

lm(Y_obs ~ W * Strata)
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Model-Based Analysis for SRE (Not required)28

The inputs

The target

𝑓(𝐲𝑚𝑖𝑠, 𝐘𝑜𝑏𝑠, 𝐖, 𝜃)

Step 1

Step 2

Step 3

Step 4
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Model-Based Analysis for SRE (Not required)

 The 3 inputs 
in SRE

 Example

29

Independent or 

hierarchical prior for 𝜃 

Hyper-parameters hierarchical prior
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Model-Based Analysis for Project Star 
(Not required)
 For the hierarchical prior distribution:

 We can also assess the evidence for variation in average 
potential outcomes and treatment effects by strata. 

 E.g. we can check the posterior of Σ or its elements or new estimand 
based on it (e.g. the variance of the treatment effect).

 This shows the richness of model-based analysis.

30

Hyper-parameters
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Summary for SRE

 In general the stratification should be considered in design if 
treatment rates and potential outcomes vary systematically by 
stratum. 

 All 4 approaches can be adapted in a fairly straightforward 
manner to take account of the stratification. 

✓ Higher power -- choosing statistics (FEP)

✓ Higher precision (Neyman)

✓ Appropriate model and correct interpretation (Regression)

✓ A hierarchical model can be useful to take account of similarities in 
potential outcome distributions across strata (Model-based analysis)

 Stratification can increase precision of estimation when the 
strata are good predictors of the potential outcomes.

31
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Pairwise 
Randomized 
Experiments

32
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Pairwise Randomized Experiment

 A special case of a Stratified Randomized Experiment with 𝐽 = 𝑁/2 
strata

 One treated and one control unit (i.e., a pair) in each strata:
𝑁 𝑗 = 2, 𝑁𝑡 𝑗 = 𝑁𝑐 𝑗 = 1

 Assignment probability:

 Intuition behind PREs:

− Within-pair variation in potential outcomes < between-pair variation

− If the population is relatively large, it may be possible to get very 
close matches of units in each pair

33
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Children’s Television Workshop Data 34

 Around 1970
 Evaluate the effect of 

an educational 
children’s 
television program 
on reading ability as 
measured through 
test scores.
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Special Notations of PREs

 Two units within each pair: unit 𝐴 and 𝐵

 Potential outcomes:

 Treatment indicators: 

 Observed data

 Unit-level assignment probability:

 Average treatment effect within pair 𝑗 

35

treated subpopulation ≈ control subpopulation
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Children’s Television Workshop Data 36
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Causal Estimands in PREs 37

❖ Average causal effect (ACE) in strata 𝑗:

❖ Average causal effect (ACE) in all units:
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Inference Approaches for PREs

 Fisher’s Exact P-Values (same as SREs)

− whether there exists a non-zero unit-level causal effect?

 Neyman’s Repeated Sampling Approach

− how to estimate the average causal effect?

 Regression Methods

− how covariates help estimate the average causal effect?

 Model-Based Inference (same as SREs)

− How concrete parametric models on potential outcomes 
help the infer the average causal effect?

38

One treated and one control unit in each strata 
lead to specified challenges for these two methods
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Fisher’s Exact P-Values 39

❖ Get exact null distribution & P-values of the selected test statistics:

Follow a similar procedure as in CREs & SREs: enumerate all possible values of W

✓

✓

❖ Fisher’s sharp null hypothesis:

❖ Choice of test statistics:

➢  ✗

Same as the one in CREs & SREs

➢  

➢  

➢  

➢  

✓ /✗

SREs PREs

✓

✓

✗

✓ /✗

𝑇dif 𝑗 = | ത𝑌𝑡 𝑗 − ത𝑌𝑐(𝑗)|

✓ /✗ ✓ /✗
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Neyman’s Approach 40

❖ Causal estimand: Average causal effect (ACE) in all units

Use only data 
in one stratum: 

Results for PREs: 𝔼𝑊 Ƹ𝜏pair(𝑗) = 𝜏𝑓𝑠 𝑗
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Neyman’s Approach 41

❖ Causal estimand: Average causal effect (ACE) in all units

Cannot be estimated all the time

Cannot be estimated in PREs as each pair 
has only one treated and control unit

𝔼𝑊 Ƹ𝜏dif = 𝜏fs Unbiased estimator

{ Ƹ𝜏pair(𝑗)}𝑗 are independent
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Variance Estimation via Extra Assumptions 

 𝐴1: constant treatment effect within pairs:

 𝐴2: treatment effect is constant across pairs: 𝜏𝑝𝑎𝑖𝑟 𝑗 = 𝜏fs for all 𝑗, and 

the within-pair variances are constant 

42

𝑌𝑗𝐴 1 − 𝑌𝑗𝐴 0 = 𝑌𝑗𝐵 1 − 𝑌𝑗𝐵 0 = 𝜏pair(𝑗)
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Summary of Neyman’s Approach 43

Theorem 10.1 Suppose we have 𝐽 pairs of units, and randomly assign one unit 
from each pair to the active treatment and the other unit to the control treatment. 
Then 

(1)

(2)

𝔼𝑊 Ƹ𝜏dif = 𝜏𝑓𝑠

(3)

= 0 if the treatment 
effect is constant across 
and within pairs 

Unbiasness

Variance

Variance estimation

If there is heterogeneity in the treatment effects, then this sampling 
variance estimator is upwardly biased, and the corresponding 
confidence intervals will be conservative but still valid.
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Neyman Estimator: PREs vs CREs 44

PRE

CRE

Assume the same assignment vector is achieved in a PRE and a CRE, then
• We will get same estimator for causal effect
• But, PRE usually results in a better precision

(−1.8, 28.7)
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Solution for Regression Method?

 Idea in Neyman’s approach?

 Recall:

 Ƹ𝜏𝑑𝑖𝑓 can also be interpreted as a regression estimator, 
where the regression function is specified simply as a 
constant:

45
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Regression Analysis of PREs 46

M1:

basic outcome in the analysis 

M2:

M3:

M4:

𝝉 No additional covariates

With within-pair differences only

With pair averages  only

With within-pair differences & 
pair averages
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Regression Analysis of PREs 47

Least square estimate:

Theorem 10.2 Suppose we conduct a pairwise randomized experiment in a 
sample of pairs drawn at random from the super-population. Then 

(1)

(2)

Remark: the proof follows a similar protocol as in CREs & SREs

Population counterparts to these OLS: 

Regression model M4:

basic outcome in the analysis 
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Regression Analysis for CTW Data 48

M1:

M2:

M3:

M4:

𝝉
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Model-Based Analysis for PRE 49
The inputs

The target

Step 1

Step 2

Step 3

Step 4

Independent or hierarchical prior for 𝜃 
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Quite similar to those for the regression model 
with the covariate equal to differences in pre-
treatment variables, 
partly due to the choice of sampling distribution 
for potential outcomes.

❖ Causal estimand:

❖ Input:

➢  

➢  

➢  

➢  

Model-Based Analysis for CTW Data 50

❖ Output:

𝜏fs or 𝜏sp = 𝛾
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Model-Based Analysis for CTW Data

⚫ Model：

✓ Hyper-parameter： 𝜽 = (𝜇, 𝛽, 𝛾, ln𝜎𝜇, ln𝜎𝑐, ln𝜎𝑡)′  

✓ Prior：𝜇, 𝛽, 𝛾 ∼ 𝒩 0,1 ,  𝜎𝜇
−2, 𝜎𝑐

−2, 𝜎𝑡
−2 ∼ 𝜒1

2   (independent)     =>    𝑝 𝜽

✓ Likelihood：𝑌𝑖
obs | 𝑮, 𝑿, 𝑾, 𝜽 ∼? =>    𝐿(𝜽)

⚫ Random Walk Metropolis-Hastings (RWMH)：

 Propose 𝜽∗ ∼ 𝒩 𝜽(𝑟), 𝐃 , D is diagonal (adapting parameter)

 Accept 𝜽(𝑟+1) = 𝜽∗ with prob min{1, 𝑝(𝜽∗)𝐿(𝜽∗)/𝑝(𝜽)𝐿(𝜽)}

⚫ Procedure to get the distribution of 𝜏fs ：

(1) Generate posterior: 𝜇, 𝛽, 𝛾, ln𝜎𝜇, ln𝜎𝑐 , ln𝜎𝑡| 𝒀obs, 𝑮, 𝑿, 𝑾

(2) Generate ?

(3) Impute 𝑌𝑖
mis | 𝒀obs, 𝑮, 𝑿, 𝑾, 𝜽, 𝝁(⋅) ∼?

(4) Calculate 𝜏fs
(𝑟)

= 𝑁−1 σ𝑖(𝑌𝑖 1 − 𝑌𝑖 0 )

Optional 
Homework

51
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Summary

52
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Summary

 Stratification should be considered in design if treatment rates 
and potential outcomes vary systematically by stratum. 

 All 4 approaches can be adapted in a fairly straightforward 
manner in SRE. 

 Pairwise randomized experiment (PRE) is a special case of a 
SRE.

✓ Within-pair difference plays an important role in Neyman’s 
approach and Regression approach.

✓ Hierarchical prior is preferred in model-based analysis.

 Stratification (SRE & PRE) can increase precision of estimation 
when the strata are good predictors of the potential outcomes.
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