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Outline

 Review and Inspiring Examples

 Definitions for Assignment Mechanism

 Assumptions for Assignment Mechanism

 Classification of Assignment Mechanisms

 Super Population (Notation, difference vs Finite Sample)

 Example: Lord’s Paradox
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Review and Inspiring Examples
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Assignment Mechanism (Introduction) 4

Treatment indicator representing 
the treatment assigned to unit i

The alternative treatment that is not assigned to unit i

Potential outcomes of unit i

The realized outcome

The missed outcome
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An Example of Assignment 5

A case that W is related to Y
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><

Simpson’s Paradox

A simple case:
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><

Which order should we use?
Depends on your questions.

>

A simple case:

Simpson’s Paradox

A case that W is also related to X.
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Definitions for Assignment 
Mechanism
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An Example 9

𝑊

Randomness

𝑊1 = 0

𝑊2 = 1

𝑊3 = 1

𝑊4 = 0
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Assignment Mechanism/Probability 10

 a function of all covariates and potential outcomes that describes the 
probability of any vector of assignments

 determines:
− which units receive which treatments,
− which potential outcomes are realized and can be observed,

− which potential outcomes are missing;
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Example I

 Setting: 2 units {1, 2}, 22 = 4 possible values for W, 

 Assignment prob: a randomized experiment with equal probability 

11
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Assignment Mechanism/Probability 12

𝐸 𝑊𝑖 𝐗, 𝐘 0 , 𝐘 1 =
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Example I

 Setting: 2 units {1, 2}, 22 = 4 possible values for W, 

 Assignment prob: a randomized experiment with equal probability 

 Unit assignment prob:

  pi(X,Y(0),Y(1)) = 1/2 for both units i = 1, 2

13
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Propensity Score 14

 the average of the unit-level assignment probabilities for subpopulations with 
a common value of the covariates Xi = x. 
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Example I

 Setting: 2 units {1, 2}, 22 = 4 possible values for W, 

 Assignment prob: a randomized experiment with equal probability 

 Unit assignment prob:

  pi(X,Y(0),Y(1)) = 1/2 for both units i = 1, 2

 Propensity score: 

 no covariates involved, e(x)=1/2 for any covariate value x
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Example II

 Setting: 2 units {1, 2}, 22 = 4 possible values for W, 

 Assignment prob: a randomized experiment where only those 
assignments with exactly one treated and one control unit are allowed 

 Unit assignment prob:

  pi(X,Y(0),Y(1)) = 1/2 for both units i = 1, 2

 Propensity score: 

 no covariates involved, e(x)=1/2 for any covariate value x

16
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Example III 17

 Setting: 2 units {1, 2}, 22 = 4 possible values for W, 

 Assignment prob: The unit 

with more to gain from the active

treatment is assigned to the 

treatment group, and the other 

to the control group 

 Unit assignment prob:

 pi(X,Y(0),Y(1)) = 0, 1/2 or 1

 Propensity score: 

 no covariates involved, e(x)=1/2 for any covariate value x
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Example IV 18

➢ Unit 1 (𝑋𝑖 = 1): a fair coin toss

➢ Unit 2 (𝑋𝑖 = 2): assign to alternative

➢ Unit 3 (𝑋𝑖 = 3): assign to the active or control treatment 

that appears better, based on a comparison of 𝑌1
𝑜𝑏𝑠 & 𝑌2

𝑜𝑏𝑠

 Setting: 3 units {1, 2, 3}, covariate Xi = i, 23 = 8 possible values for W, 

 Assignment prob: a sequential randomized experiment allows for dependence of 
the assignment mechanism on the potential outcomes 

𝑌1
𝑜𝑏𝑠

𝑌2
𝑜𝑏𝑠
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Assumptions for Assignment 
Mechanism

19
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Restrictions on Assignment Mechanism (I) 20

• Individualistic assignment: a unit’s assignment probability does 
not depend on the values of covariates and potential outcomes for 
other units. 
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Restrictions on Assignment Mechanism (I) 21

• Individualistic assignment: a unit’s assignment probability does 
not depend on the values of covariates and potential outcomes for 
other units. 

• Individualistic assignment is violated in sequential experiments such 
as Example 4. 

• Given individualistic assignment, the propensity score simplifies to: 
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• Probabilistic assignment:

–imply a non-zero probability for each treatment value, for every 
unit.

–or, every unit has the possibility of being assigned to the active 
treatment and the possibility of being assigned to the control 
treatment. 

Restrictions on Assignment Mechanism (II)
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23

• Unconfounded assignment:

–disallows dependence of the assignment mechanism on the 
potential outcomes.

–If an assignment mechanism is unconfounded, we can drop the 
two potential outcomes and write the assignment mechanism as 
Pr(W|X).

Pr(W|X,Y(0),Y(1)) = 
Pr(W|X)

Restrictions on Assignment Mechanism (III)
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24

• Unconfounded assignment:

–disallows dependence of the assignment mechanism on the 
potential outcomes.

–If an assignment mechanism is unconfounded, we can drop the 
two potential outcomes and write the assignment mechanism as 
Pr(W|X). Pr(W|X,Y(0),Y(1)) = Pr(W|X)

Restrictions on Assignment Mechanism (III)

Example 2

Example 4
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➢ The assignment mechanism is the product of the propensity scores

➢ the propensity score can also be interpreted as the unit-level assignment 
probability for units with covariate 𝑋𝑖 = 𝑥 (not just the average)

• Unconfounded assignment

• Individualistic assignment

Assignment mechanism:

Propensity score:

Combination of Restrictions

Pr(𝐖|𝐗, 𝐘(0), 𝐘(1))  =  Pr(𝐖|𝐗)

Pr(𝐖|𝐗, 𝐘(0), 𝐘(1))  = 𝑐 ∙ ෑ

𝑖=1

𝑛

𝑞 𝑋𝑖
𝑊𝑖 1 − 𝑞 𝑋𝑖

1−𝑊𝑖
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➢ Strongly ignorable treatment assignment (Rosenbaum and Rubin, 1983a). 

➢ More generally, ignorable treatment assignment refers to the weaker restriction: 
the assignment mechanism can be written in terms of 𝐖, 𝐗, and 𝐘𝑜𝑏𝑠 only, without 
dependence on 𝐘𝑚𝑖𝑠 (Rubin, 1978).

• Probabilistic assignment:

• Unconfounded assignment

• Individualistic assignment

Pr(𝐖|𝐗, 𝐘(0), 𝐘(1))  =  Pr(𝐖|𝐗)

Combination of Restrictions
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Classification of Assignment 
Mechanisms

27
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Randomized Experiments

 Randomized Experiment: A randomized experiment is an 
assignment mechanism that 

1) is probabilistic, and

2) has a known functional form that is controlled by the researcher. 

 Classical Randomized Experiment: a special case of randomized 
experiment whose assignment mechanism is 

1)  individualistic, and 

2)  unconfounded. 

random experiment

➢ Randomized experimental designs are the most credible basis for causal 
inference

➢ U.S. FDA typically relies on such experiments in its approval for 
pharmaceutical treatments. 

28
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Observational Studies

 Observational Study: An assignment mechanism corresponds to 
an observational study if the functional form of the assignment 
mechanism is unknown. 

 Regular Assignment Mechanism: An assignment mechanism is 
regular if it is
1)  individualistic, 

2)  probabilistic, 
3)  unconfounded. 

 Irregular Assignment Mechanism: 

 Assignment to treatment may differ for some units from the receipt 
of treatment, i.e., noncompliance

 We often assume that assignment to treatment itself is 
unconfounded, but allow receipt of treatment to be confounded

29

The key difference from experiments
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Classic Randomized Experiments

 Four requirements for assignment mechanism:

1) is individualistic

2) is probabilistic

3) is unconfounded

4) has a known functional form that is controlled by the researcher

 Four important special cases:

1) Bernoulli trials

2) completely randomized experiments

3) stratified randomized experiments (randomized blocks)

4) paired randomized experiments 

30

W: the set of all possible values

W+: the set of possible values for W with positive probability 

The key 
difference is 
W+. 
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Bernoulli Trails

 Examples:

 Bernoulli Trial (a formal definition): 

      a classical randomized experiment with an assignment mechanism
      such that the assignments for all units are independent.

 Theorem 4.1 (Assignment Mechanism for a Bernoulli Trial) 

      If the assignment mechanism is a Bernoulli trial, then 

     where e(x) is the propensity score, which must be strictly between zero 

     and one for all i, implying

31

Independent tosses of a fair coin Independent tosses of a biased coin

Independent tosses of coins 

Drawback?
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Completely Randomized Experiment

 A leading case of a classical randomized experiment 

 The number of treated units Nt is fixed

  Nt units are randomly selected, from a population of N units, to receive the active 
treatment, with the remaining Nc assigned to the control group.

 Each unit has unit assignment probability q = Nt/N 

 The assignment mechanism:

 subset of the set of possible values for W with positive probability

32

Drawback?
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Stratified Randomized Experiment 
 Divide N units into J blocks based on covariates, block of unit i: Bi=B(Xi) 

 The size of unit block j is Nj

 Randomly assign Nt(j) units in block j to receive active treatment, the other 
units in the block to receive control treatment 

 Stratified Randomized Experiment (a formal definition): 

     A stratified randomized experiment with J blocks is a classical randomized 
experiment with an assignment mechanism satisfying

      for some preset Nt(j) such that Nj > Nt(j) > 0, for j = 1, ..., J 

33

𝑒 𝑋𝑖 =
𝑁𝑡 𝑗
𝑁 𝑗

,

𝐵𝑖 = 𝑗
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Paired Randomized Design 

 Example: an educational experiment with a pre-test score as covariate 
• Rank the students from high to low on their scores on the pre-test

• The top 2 form the first pair, the next 2 form the next pair, and so on

• In each pair, one unit is randomly assigned to the treatment with probability 1/2. 

 An extreme version of the stratified randomized experiment
 Two units within each block, and a fair coin is tossed to decide which member 

of the pair gets the active/control treatment

 Paired Randomized Experiment (a formal definition): 
     A paired randomized experiment is a stratified randomized experiment   
     with N(j) = 2 and Nt(j) = 1 for j = 1,...,N/2, so that 

34
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A Comparison with a toy example 35

Eliminate “unhelpful” assignment vectors that are a priori 
unlikely to lead to precise causal inferences. 

2 units for 𝑋𝑖  =  𝑥, 𝑥 ∈ 1, . . . ,
𝑁

2
;  𝑒 𝑥 =

1

2
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Super Population

36
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The Concept of Super Population

 A finite population of units: {1, 2, …, N} 

 The finite units of size N can be viewed as a random sample from an 
infinite super-population, i.e.,

⚫  (𝑌𝑖(0), 𝑌𝑖(1), 𝑊𝑖 , 𝑋𝑖) follow a distribution indexed by a global 
parameter              of the form below:

⚫  (𝑌𝑖(0), 𝑌𝑖(1), 𝑋𝑖) are i.i.d. draws

37

The causal estimand for a super population

t sp = E(Yi(1)-Yi(0))
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Super-Population Propensity Score 38

e(x)= ESP[ fW |Y (0),Y (1),X (1|Yi(0),Yi(1),Xi,f) | Xi = x],𝐸𝑌 𝐸𝑊(𝑊𝑖|𝑋𝑖 = 𝑥, 𝑌 0 , 𝑌(1) = 𝐸𝑆𝑃 𝑊𝑖|𝑋𝑖 = 𝑥

=
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Restrictions on Assignment Mechanism 
for a Super-Population

39
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Example: Lord’s Paradox 
Revisit

40
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Lord’s Paradox revisit

Two hypothetical statisticians got opposite conclusions for the same data

41

Statistician 1 Statistician 2

Unit: the students
Treatment: the university diet (Sep. - June) 
Control: not defined at all
Assignment mechanism: assigned everyone to the treatment
Covariates: gender, weight in Sep.

Potential outcome Yt

The observed weights in June

Potential outcome Yc ?

The Neyman-Rubin framework
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Lord’s Paradox revisit 42

Statistician 1:

The effects of medical college on males and females are:

Thus, the difference of causal effects between males and females:

Assumption:

Estimation:
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Lord’s Paradox revisit 43

Statistician 2:

Adjust the effects of the university diet based on covariate X (weight in Sep.):

Improvement on each level of X: 

Thus, the difference:

Assumption 1:

Assumption 2 (build connection between U and D):

The difference of conditional causal effects between males and females:
D(X) = E(YT -YC | X,G =1)-E(YT -YC | X,G = 2)

= [E(YT | X,G =1)-E(YC | X,G =1)]-[E(YT | X,G = 2)-E(YC | X,G = 2)]

= (a1 -a)- (a2 -a) = a1 - a2 =U(X)

E(YC | X,G = i)= a+ ¢bX, i =1,2
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Summary

 Definitions for Assignment Mechanism: 

✓ Assignment Mechanism

✓ Unit Assignment Probability

✓ Propensity Score

 Assumptions for Assignment Mechanism:

✓ Individualistic assignment

✓ Probabilistic assignment

✓ Unconfounded assignment

 Classification of Assignment Mechanisms: 

✓ Randomized Experiment: Bernoulli trials, CRE, SRE, PRE, etc.

✓ Observational Study: RAM.

 Super Population: Notation; difference vs Finite Sample

 Example - Lord’s Paradox: The power of clear causal framework.

44
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Reference

 Reference: [T1] Chapter 3 & 4rther

 Further thinking about Simpson’s Paradox:

- Is it always more accurate with finer stratification?

- Can we always do stratification? reading:

 Rubin, D. B. (1974), “Estimating Causal Effects of Treatments in 
Randomized and Non-randomized Studies,” Journal of 
Educational Psychology, Vol. 66: 688–701.

 Lord, F. M. (1967), “A Paradox in the Interpretation of Group 
Comparisons”, Psychological Bulletin, Vol. 68: 304-305.
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Appendix: Another Example for 

Simpson’s Paradox

46
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47

 Two important exams to be a doctor in USA: 

MCAT (Medical College Admission Test), 

USMLE (United States Medical Licensing Exam) Step 1, usually 
taken after two years in the medical college.

 Data: students (black and white) attending for these two exams 
during 1993 – 1995

Simpson’s Paradox：Example 2
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48Simpson’s Paradox: Example 2
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>

<

Simpson’s Paradox: Example 2
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   W →


   W 1 = 0


   W 2 = 1


   W 3 = 1


   W 4 = 0


  E  (   W i |  𝐗 ,   𝐘  ( 0 ) , 𝐘  ( 1 ) ) =


  X i = 1


  X i = 2


  X i = 3


   Y 1  o b s   &    Y 2  o b s


   Y 1  o b s


   Y 2  o b s


  X i   =   x  


  Pr ⁡ ( 𝐖 | 𝐗 , 𝐘 ( 0 ) , 𝐘 ( 1 ) )   =   Pr ⁡ ( 𝐖 | 𝐗 )


  Pr ⁡ ( 𝐖 | 𝐗 , 𝐘 ( 0 ) , 𝐘 ( 1 ) )   = c ∙   ∏  i = 1 n  q    (  X i )   W i    ( 1 − q  (  X i ) )  1 −  W i


  𝐖 ,   𝐗


   𝐘  o b s


   𝐘  m i s


  Pr ⁡ ( 𝐖 | 𝐗 , 𝐘 ( 0 ) , 𝐘 ( 1 ) )   =   Pr ⁡ ( 𝐖 | 𝐗 )


  e  ( X i ) =   N t  ( j )  N  ( j ) ,      B i = j


   X i   =   x ,   x   ∈    { 1 ,   .   .   .   ,  N 2 } ;             e  ( x ) =  1 2  


    (  Y i ( 0 ) ,    Y i ( 1 ) ,    W i ,    X i )  


    (  Y i ( 0 ) ,    Y i ( 1 ) ,    X i )  


   E Y  [  E W (  W i |  X i = x , Y  ( 0 ) , Y ( 1 ) ] =  E  S P  [  W i |  X i = x ]


  =

