Introduction to Causal Inference

Lecture 4

Model-Based Inference for
Completely Randomized Experiments
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The National Supported Work Data

Table 8.1. Summary Statistics: National Supported Work (NSW) Program Data

Unit: N = 445 men substantially

disadvantaged ln the labor Covariate Mean (S.D.) Average Controls Average Treated
(Ne = 260) (N; = 185)
market . age 25.37 (7.10) 25.05 25.82
Treatment: a training program education 10.20 (1.79) 10.09 10.35
C 1: . married 0.17 0.37) 0.15 0.19
ontrol: no active treatment S 078 ©.41 0.83 071
Outcome: black 0.83 0.37) 0.83 0.84
) g . earn’74 2.10 (5.36) 2.11 2.10
€arnings 1in 1978 (earn 78) earn’74=0 0.73 (0.44) 0.75 0.71
. . earn’75 1.38 (3.15) 1.27 1.53
Seven covanat.es. . earn’75=0 0.65 (0.48) 0.68 0.60
age, educatlon, rflarrled, no, earn’78 5.30 (6.63) 4.56 6.35
degree, black, earn” 75, earn’ 74 earn’78=0 0.31 (0.46) 0.35 0.24
Completely randomized
assignment:

N, = 185,N, = 260
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How to estimate the Average Causal Effect?

» Finite Sample
v Hy:¥;(0) =Y;(1)

v tdf = yobs _yobs, - Confidence Interval
» Super Population

v faif — Ytobs _ Ycobs, [yNeyman

v TS YOS —g + Wit + X;f + ¢
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Treatment (W=1): a training
program

Control (W=0): no active treatment

Outcome (Y):

earnings in 1978 (earn’ 78)

Seven covariates (X):

age, education, married, no

degree, black, earn’ 75, earn

* 74




The National Supported Work Data
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Figure 8.1. Histogram of earnings for control group — NSW job-training data
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Figl{re 8.2. _Histogram of earnings for trainee group — NSW job-training data
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Possible Model

> Model M (wio)) o~ (" 7
In (¥;(1)) w) \0 o))

» Parameter:

0 = (U, he, 0¢,02)'
» Goal:

Finite sample ACE: 75, = % ’iv=1(Yl-(1) — Yl-(O)) = 7(Y(0), Y(1))
Super Population ACE: 75, = Eg,[Y;(1) — Y;(0)] = 7(0)

1 1
Tsp = 7(0) = exp (yf + 5 D‘E) — exp (yc + 5 JCZ)

RERFSGTSRHREMFER



Completely Randomized Experiment

» A leading case of a classical randomized experiment
» The number of treated units /V, is fixed

» N, units are randomly selected, from a population of /Vunits, to receive the active
treatment, with the remaining /V, assigned to the control group.

» Each unit has unit assignment probability g = /V,/ NV

» The assignment mechanism:

( N\ .. N
1 f § .+ Wi = M,
Pr(W|X, Y(0), Y(1)) = ¢ / (Nt) s t G}i) =N ;(;;V | N
t!(N — Ny)!

k 0 otherwise,

» subset of the set of possible values for W with positive probability

N
ZW,j:Nt}

Wt = {WEW
i—1
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Inference of CRESs

» Fisher’ s Exact P-Values

whether there exists a non-zero unit-level causal effect?
» Neyman’ s Repeated Sampling Approach

how to estimate the average causal effect?
» Regression Methods

how covariates help estimate the average causal effect?

» Model-Based Inference

How concrete parametric models on potential outcomes
help infer the average causal effect?
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Review

No X With X

( Model-based \ Lec 4 Bayesian
4 )
S.P. Reg. [ec3 Linear Reg’
Methods = Neyman ) Freq.
1 Neyman A Inference
E.S.
E Fish Lec Fiducial
_ Fisher y
Assumptions CRE
Framework [ Framework ] Lec 1
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Objectives for today

» FifiNeyman-Rubin Framework2—EHRFEMIES . HIELM TS
HEWE, DA PR KGRI HE, A — AR, Tt ERubin i3 B Tk —

> FERFEI A Model-based inference, ffijfibinomial, Normal, L&+
ST

» H—F Kk 2Finite sample5Super populationf [X

5 g SRR R




Outline

» Motivation

Moving towards to Bayesian model

» Basic Bayesian theories

. . . [Mlustrated
» Bayesian model-based imputation for by a real
finite sample s les
example

Theory (Required)

Simulation (Not required)

» Bayesian model-based imputation for Super Population

» Model comparison in application
) WEREG ERENYR




Motivation

ILLUSTRATED WITH A REAL DATA EXAMPLE
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Background/Assumptions and Goal

» Background / Assumptions

v A random sample from a super population

v CRE
» Goal:
O Finite sample ACE: 75, = % ’i\':l(Yl-(l) — Yl-(O)) = 7(Y(0), Y(1))

O Super Population ACE: 74, = Eg,[Y;(1) — Y;(0)] = 7(0)
In the following, we consider finite sample ACE first!
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First Six Observations from NSW Data

Table 8.2. First Six Observations from NSW Program Data

Unit Potential Outcomes
Treatment Observed Outcome
1S Yi(0) Yi(1) Wi vp©s
i) = 7(Y0), Y1) = 2 - ) (Y1) ~ ¥i(0)) gy 1 0 : 0 0
j=1 2 ? 9.9 1 9.9
3 12.4 ? 0 12.4
I 4 ? 3.6 1 3.6
5 0 ? 0 0
Y40 les if W; =1, and V1) = les ifW;=0,6 ? 24.9 1 24.9
O)=1yobs iw; =0 W=y iw, =1
l 1 I — I 1 I = ** Note: Question marks represent missing potential outcomes.

!

N
.Z (Wi Y20 (1 — W) - YI0S) — (1 — Wi) - Y95 + W - o))

— % ((2 Wi — 1) (Yo% — ymis)). L 7 = F(YOPS, YIS W) = é - i (@ -wi—1- ™ - 1))

WK G SRERRI R =

tre = F(YOPS, Y™is, W) Key: how to impute Y™is given Y°Ps and W?

QA=




A Naive Approach to Imputation

Table 8.3. The Average Treatment Effect Using Imputation of Average Observed Outcome
Values within Treatment and Control Groups for the NSW Program Data

Unit Potential Outcomes
Treatment Observed Outcome
Y;(0) Yi(1) W; ypbs
1 0 (12.8) 0 0
2 (4.13) 9.9 1 9.9
3 12.4 (12.8) 0 12.4
4 (4.13) 3.6 1 3.6
5 0 (12.8) 0 0
6 (4.13) 24.9 1 24.9
Average 4.13 12.8 .
Diff (ATE): 8.67 |mo) | 7 = 12.8 — 4.1 = 8.7 €= dif _yObs _ yOOs

Y™ — (¥1(0) + ¥3(0) + Y5(0))/3 — (0 + 12.4 + 0)/3 = 4.1 Yo = (Ya(1) + Ya(1) 4+Y6(1))/3 = (9.9 + 3.6 +24.9)/3 = 12.8

C

Imputation mechanism: I .. :
mpute the missing potential outcomes

ify=12.8, and W; = 0, . .
with constants as if there were no

1
sapr (ymis = y' YO, W) =41 ify=4.1, and W; = 1, , ,
0 otherwise. uncertainty about their values




Motivation

Distribution of 7 = 7(Y(0), Y(1)) mmm) (V™S YODS W
The target (Y(O),Y(l)) — h(Ymis,YDbs,W)‘ ( ’ ) )

f(z| Y, W)
%

The model We need
(1) a more flexible model;
(2) Ways to solve the model.
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Bayesian Model-Based Imputation

Distribution of 7 = 7(Y(0), Y(1)) ) 7(Y™S YODS 1y
The Olltpllt (Y(O),Y(l)) — h(les,YDbs, W) ( ’ ) )

f(z| Y, W)
%

-1 N
Pr(W|Y(0),Y(1)) = (N) ,  for all W such that Z W; = N,

N i=1
f(Y(0), Y(1)I6)

p©)
) WERESSHEEAER

The 3 inputs




Example: Possible Model

> Model M (wio)) o~ (" 7
In (¥;(1)) w) \0 o))

Treatment (W=1): a training program
» Parameter:

Control (W=0): no active treatment
0 = (e, e, 07, &)’

Outcome (Y):
earnings in 1978 (earn’ 78)

-1 N
Pr(W|Y(0),Y(1)) = (N) ,  for all W such that W; = N,
The 3 inputs Ni i1
f(Y(0),Y(1)|0)
p(©)
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Bayesian Framework

ILLUSTRATED WITH A SIMPLE EXAMPLE
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The Bayesian Paradigm

» Key opinion

Treat unknowns (model parameters) as random variables
» Main elements

Prior distribution: p(60)

Likelihood function: p(data | 8)

Joint distribution: p(data, 0)
Posterior distribution: p(8 | data)

» Bayesian inference

Describe quantities of scientific interest with probability
Let the law of probability work its way out

Summarize all uncertainty into posterior distribution
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Example: Binomial Model

» Laplace’ s work on boy birth rate in Paris. (1786)
Want to test if the rate is over 0.5.
1745-1770, 251527 boys, 241945 girls.

» Assume that each baby is independent and the outcome
each time is a Bernoulli trial with success probability 6.

» This implies that y|6 ~ Bin(n,0)

» The sample size n is fixed and the success probability 6
can be any number in [0, 1].

) OBEREGH SRR




Example: Binomial Model

» The measurement model is

p(y18) = (;) 6¥(1-0)"", 6 ¢€[01]

Since n is fixed in this analysis, we’ 1l drop it as a conditioning
argument for ease of notation.

» Goal: make inference on 0 given y and n.
» Need: a prior distribution p(8) for 6.
» Bayes’ choice: 8§ ~ U (0,1), i.e.

1 0<6<1
0 Otherwise

p(0) = {

) WG SRR




Example: Binomial Model

» So the Bayes’ rule gives

p(y,0) = (;) 67(1—-6)"7,

)

1
p(y) =fo (;)93“(1—9)"‘%9 =7

p(Bly) = (n+1) (;) 67(1—-6)"7.

» Given data, Laplace calculated that
Prob(boy birth rate < 0.5) < 10742,
So he concluded that the rate is over 0.5.

) EHEREGT SRR R




Example: Binomial Model

> p(0ly) = (n+ 1) (1) 6¥(1—6)"Y. o)y~
» The PDF for the for the beta distribution (Beta(a, B)) is

_ F(C(+ﬁ) a—1 _ f—-1
f) = rgy =07

» It is often easier to deal with the proportional form of Bayes’
Rule
p(8ly) < p(8)p(y|6)

» So in this example,
p(Bly) x 1 x6Y(1—-6)"7.
This is proportional to the density of a Beta(y + 1,n — y 4+ 1) distribution.

) WG SRR




Example: Binomial Model
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Bayesian Framework of Inference

» Generic Notations
p(y | 8) --- Sampling distribution or data likelihood
p(0) --- Prior distribution
» The Bayes Theorem

Pr?ior
0, v, 7,
p(9|y) b\ p( y) _ p( )p(y| ) - p(g)p(yw)
N (1) p(y) Vo
Posterior Data likelihood

» Forecast

p(7,0|y)do

|
— — —

p(4ly)

p(§|9, y)p(9|y)d9 Post predictive

distribution

|

p(910)p(0]y)do.

Tj




Bayesian versus Frequentist

» Advantages

Answers the questions that researchers are usually interested in, “What is
the probability that ...”

Almost all frequentist methods have Bayesian counterparts

Easy and consistent to combine information: Formal method for combining
prior beliefs with observed (quantitative) information. Natural way of
combining information from multiple studies.

Easy to deal with real problems with complicate structures
Many powerful sampling techniques can be used to support the analysis

» Critical issue

Selection of the prior (subjectivity of Bayesian approach)

7 reasons to use Bayesian Inference:

https://statmodeling.stat.columbia.edu/2025/10/11/7-reasons-to-use-
BHEREZGTHS5HER ¥R bayesian-inference/#comment-2404677
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Bayesian Model-based
Imputation - Theory

< NO CORRELATION, NO COVARIATES *
< CORRELATION, NO COVARIATES (IN APPENDIX)
< NO CORRELATION, COVARIATES (IN APPENDIX)
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Review

No X With X

Randomness
( Model-based ] Lec 4 Bayesian All but
. ) observation
4 )
S.P Reg. Lec 3 Linear Reg. WY
Methods " ’| Neyman . ’
. y, req.
8 Neyman A Inference w
F.S. . .
Bl Lec Fiducial
_ Fisher y
Assumptions CRE
Framework [ Framework ] Lec 1
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Example: First Six Observations from
NSW Data

Table 8.2. First Six Observations from NSW Program Data

Unit Potential Outcomes
Treatment Observed Outcome
Y;(0) Yi(1) W yobs

1 0 ? 0 0

2 ? 9.9 1 9.9

3 12.4 ? 0 12.4

4 ? 3.6 1 3.6

5 0 ? 0 0

6 ? 24.9 1 24.9

Note: Question marks represent missing potential outcomes.

Ny, 1 X —
The target Distribution of = = ‘ ; ((2- W; — 1) - (Y?" —Y! )) .

1 s mis 1 . bs
W G S AR SN2 W) @ Wi




Bayesian Model-Based Imputation

Distribution of 7 = 7(Y(0), Y(1)) mmm) (V™S YODS W
The Olltpllt (Y(O),Y(l)) — h(Ymis, Ynhs, W) ( ’ ) )

N N
- 1
S -2 W PR LY@ Wi ) 1

1
N
FOY™S|YOS, W) ¢ /(| YO, W)
f . — f(T(YmiS, Yobs, W)|Y0bs, W)
N -1 N
Pr(W|Y(0),Y(1)) = ( ) ,  for all W such that Z W; = N,

Ni
f(Y(0),Y(1)[0)

p©)
) BEREGH SRR R

The 3 inputs

i=1




Theory (Part 1)

The inputs
- 0), Y(1)|6
Pr(W|Y(0), Y(1)) = (N) JX(), Y(1)Io)

" o)

f(Ymis’ 9|Y0bs, w) =f(YII'I.iS|YObS, w’ 6) . p(@IYObS’ W).

The target

v
1S obs e is obs .
Y™ YO, W) = Af(i ,01Y"™, W) do, f(YnuleObs,W)

Sy,
58 o
GRS 3 \, o> 0
B gl B £ — N
&
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Theory (Part 2.1)

The inputs ' |
bs . S bs S
-t FY(0), Y (1)) PO Wi = [ O Y W) ay
Pr(W|Y(0), Y(1)) = (N:) Tb
p©) PO, W) = PO SO, Wip)
FOY5, W)

Normalizing constant: |

FOYO, W) = f9 p@®) - £(Y°®, W|6)do

f(Ymis’ 9|Y0bs, w) =f(ijS|Y0bs, w’ 8) . p(elYﬂbs’ W).

The target

{
mis | y70bs _ is obs W) dé. mi
FOY™is|yobs W) — fgf(Y““ ,O1Y"™, W)d f(Y 5| Y%, W)
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Theory (Part 2.2)

The inputs
-1 0),Y(D|6
YO @z) J(Y(0), Y(D)[O)
p©)
rmis | r0bs O fOY™iS, YOS |W,0)  F(Y™S, YOPS|W, 0)
Y TIY™,W,0) = f(YUbS|W,9) S fynﬁsf(y“‘is,Y"bSIW,é')dymis

v
FOY™S, YOO | W, 6)

f(Ymis’ 9|Y0bs, w) =f(YII].iS|YObS, w’ 8) . p(elYﬂbs’ W).

The target

v
’?mis obs _ ‘(m.is obs W .
.f( lY 1w) - Af( 39|Y - )dB, f(leleobs,W)

L) ARG SRR R




Theory (Interim Summary)

The inputs Step 2 " o .S
P(W) FOY™S, Yobs ' W|6) ' £, WI0) = /y ST W 0
P(0) f(Y™s yobs|w, 9) O1Y%. W) — p©) - FOYO", W|0)
PO = foyons, w)
Step 1 ‘ Normalizing constant: |
- obs obs
Feyms iy w, gy = T YRIW,0) VTS, YORIW, 6) A /HP( ) f( 0)
s YV, U) = f(Yobslws 9) _ fynﬁsf(ymis, Y"bSIW, g)dym]s

v
FOY™S, YO | W, 6)

$

3 : :
f(leS, QIYObS, W) =f(les|Y0bs, W, 8) . p(elYDbS’ w)‘

Step

| Za The target
mis | y70bs — S obs dé. .
FOY™IS| Y0P, W) fg SOYTE, 01Y", W) — FOY™S|Y°%, W)
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Theory (part 3)

(Y™iS, yObS) = o(Y(0), Y(1), W)
f(Y(0),Y(1),W|@) = Pr(WI[Y(0),Y(1),0) - f(Y(0), Y(1)|0). ﬁ f (YmiS,YObS,W|H)
I

J(Y(0), Y(1), W|6) J(Y(0), Y(1), W|0)
Y(0),Y(1)|W,0) = = .
e Pr(W|0) JF(Y(0), Y(1), W|§)dY(0)dY(1)

4 @y = g, var, w
f(YmiS, Yobs |W, 9)

-1 N
Pr(W|Y(0),Y(1)) = (N) ,  for all W such that Z W; = N,

il i=1
F(Y(0),Y(1)[0)

p@)
BRRZESGTEBERER

The 3 inputs




Example for Theory (part 3)

J(Y(0), Y(1), W|#) = Pr(W[Y(0), Y(1),0) - f(¥(0), Y(1)|6).

S 2
F(Y(0), Y(1), W|6) f(Y(0),Y(1), W|0)
Y(0), Y(1)|W,0) = - .
FXO), XIW,E) Pr(W|6) [£(Y(0),Y(1), W|0)dY(0)dY(1)
I (Y™, Y% = g(Y(0), Y(1), W)
f(Ymis’ Yobs Iw’ 9)

RN
(i)

W; - u +(1—W,;)-,u;) (W,--100+(1—Wi)-64
e, W~N . :
By (((1 — W) e+ Wiy 0

0
(1-— Wi)-100+Wi-64))

o (22). (% 2)
o=(%) ~~((3)- ("6 10000))

RERFSGTSRHREMFER

The 3 inputs

i=1

-1 N
Pr(W|Y(0),Y(1)) = (N) ,  for all W such that Z W; = N,

} FG™, YO, Wi6)



Theory (Summary)

Distribution of 7 = 7(Y(0), Y(1)) — T(Ymis y obs W)

The output (Y(0), Y(1)) = h(Y™S, YOO W), o o
= 1-2-W) Y+ DN @ W — 1) 7
FOY™S| YOS W) (o f(z| YO, W)
f — f(T(YmiS, Yobs, W)|Y0bs, W)

The 3 inputs

i=1

-1 N
Pr(W|Y(0),Y(1)) = (ﬁ) ,  for all W such that Z W; = N, ‘J, f (ymjs, YObS, W|0)
F(Y(0), Y(1)|6) FY™S, YOS | W, 9)

p©)




Example: First Six Observations from
NSW Data

Table 8.2. First Six Observations from NSW Program Data

Unit Potential Outcomes
Treatment Observed Outcome
Y;(0) Yi(1) W yobs

1 0 ? 0 0

2 ? 9.9 1 9.9

3 12.4 ? 0 12.4

4 ? 3.6 1 3.6

5 0 ? 0 0

6 ? 24.9 1 24.9

Note: Question marks represent missing potential outcomes.
R .
The target  Distribution of @ =¢->_ (@-wi— - (¥ —¥™*)).
i=1
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An Analytic Example with Six Units

-1 N
Pr(W|Y(0), Y(1)) = C\\D ,  for all W such that ZW,- = M, Step 1 f(Ym]S Y°bs|w 9) f (les Y°bS|W 0)
i=1 i , ’ ) ’
Go~~((4).(' &) SOV WO = 20,0y = o F, YOI W, O)dy
Yi(1) u) \ 0 64 : ¥ y¢ ’ i
Hel 0 10,000 0 ;
() = ((6) (%" o)) LT

FOVO), YD) pes pr) = Hf(Y (0), Yi(D)| pes )
FOY™S, YO |W,6)| |

" He+ (A — W) - ﬂt W;-100+ (1 — W;) - 64 0
(Yobs)liuc He, W N(((I—W;) Lo + Wi - 0 (1 —W;-100+ W; - 64

FOY™ NG |W, fes fr) = Hf(Y;niS, PP IW, e, i)

\L i=1

YIS YOS W, g, sty ~ N (Wi - e + (1 — W) - g, Wi - 100 + (1 — W;) - 64)
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An Analytic Example with Six Units

N\ ! N Step 1
Pr(W|Y(0), Y(1)) = (N;) ,  for all W such that ZW,- =N, f( ymis Y°bS|W 9) f(Ymis Y"bslw 9)
=1 i b . ’ ’ ’
GDe~~ (%) (Y &) TP W0 =550 W,0) o f (45, YOO W, )y
Yi(1) u) \ 0 64 : ¥ y¢ ’ i
ue) 0\ (10,000 0 i
(M) N ((O) ( ) 10,000)) FCY™is, Yobs| W g)
(Yﬁﬁ\ u (64 0 O O 0 O
jy s oy Iy 0 0O 64 O 0 0
g p O W e e ucl’l o o o 100 0 O
ygs e 0 0 0 0O 64 O
ymis J ) \0O 0O 0 0 0 100

YIS YOS W, g, sty ~ N (Wi - e + (1 — W) - g, Wi - 100 + (1 — W;) - 64)

RERFSGTSRHREMFER



An Analytic Example with Six Units

-1 N obs _ is bs is
PH(WIY(0), Y(1)) = C: ) . forall Wanchthat Y W=, Do 2 SO W= /ymisf o T’Yo W) ay™
! i=1
Y(0) 100 0 P@®) - fFOY, WI6)
(Yi(l))'g N ((lut) ( 0 64)) p(leObs’w) - F(YObs, W)
(ﬂc) N ((0) (10,000 0 )) Normalizing constant: |
i 0)°\ 0 10,000

FOYOP, W) = fg p(6) - F(Y°P, W|0)do

ygrais w7 W~N i~ pe+ A — W)y W;-100+ (1 — W;) - 64 0
YObS C A —W)-pte+Wi-u)”’ 0 (1 —W))-100 + W; - 64

Y W, pies i 7 i N(A = W) - pre+ Wi+ pr, (1 — W) - 100 + W; - 64)

FY°, W|0)

= L(tte» 11| YO, W) 1"{ 1 X exp [ . ( : (Y2 — (1= W) - e — Wi - m)z)]}
27 - (1 — W;) - 100 + W, - 64) 2\ (1 =W, -100+ W, - 64

i=1

. 1 1 1 /1 2
e 7 Yobs_ . Y Ypbs_ )J
O(.“;‘Lox/iZir-IO()exp[ 2(100 oA )} lvl‘:[lfzn 64 { (64( )

i
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An Analytic Example with Six Units

-1 N obs _ is bs is
PH(WIY(0), Y(1)) = C:) . forall Wenchthat Y Wi=h, Do 2 SO W)= /ymisf ‘A T’Yo W) ay™
! i=1
Y;(0) 100 0 . p©@) - (Y, W|6)
(Yi(l))’g N ((ﬂt) ( 0 64)) pOIY™™, W) = F(Y°Ps, W)
(ﬂc) N ((0) (10,000 0 )) Normalizing constant: |
i 0)°\ 0 10,000

FOYOP, W) = f p(6) - F(Y°P, W|0)do
[

. WIe) oczvlv_lox/ilo [ ; (IOO(YObS_”C) )}X 11 27:1-64 P {_% (é(yfbs_m)z)J

i:Wi=1

1

obs 1 (Y?bs — ﬂc)z 1 H2 1 1 (Yl_obs _ /'lt)2
Plgtc, sl X, W) o i {_5(10000)] H_Oﬁ/z;c 100 [__( 100 )] “B [_5(10,600)] s Ve |2\ @

J

bs N - 10,000 1

' 0
He ) | yobs w ¢ " N.-10,000 + 100
(m) ey - v —obs N -10,000 »| Nc/100 + 1/10,000 |
N, - 10,000 + 64 0 N/64 + 110,000

obs 4.1 582 0
oW N((IZ.S)’(O 4.62))
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An Analytic Example with Six Units

Step 1 s yob ) R — Step 2
Ymis Yobs, W, Q) — f( s, Y° slwa ) — f( . s Y |W, ) . ) obs
7 )T W, 0) Symis FQy™35, YOS | W, 0)dy™is @Y, Wy = PO LOY", W)
' FOYs, W)
ys 7y 64 0 O O 0 O
yme He O 100 0 O O O 5
yois obs ; 0O O 64 0O 0 O He bs " 4.1 5.8 0
Y?rln%s Yb’w’ﬂc’ﬂINN ::jc 0 0 0] 100 0] (0] (ﬂt) YO ’W N((IZ-S) ? ( 0 4-62
ymis e 0O 0O O O 64 O
ygus He O 0O O O O 100
Step 3

FOY™S 9|YPS, W) = £(Y™S5|YP, W, 0) - p(0]Y°PS, W).

| ]
FOY™IS| Y0P W) — f FOY™S 91Y°PS W) do)
[

|

f(Ymileobs, w) "’N(*,*)
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An Analytic Example with Six Units

Step 1 (¥ Step 2/ e\ | < obs 4.1 582 0
() rw=v () (o o))

M

Yome He

les

yis YOO W, pe, e~ N || E
{9

anfs M

Ygus Ue

1

cococof
cocogo
cocofQoo

0
0
0
0
0
00

ek
cogooo
ocRQocoo

1
3 : :
f(leS, GIYObS, W) =f(ths |Y0bS, ‘;v',| 6) . p(elYDbS’ w).
f(YmileObS, w) NN(*,*)

YObS Nc * 10,000
o [Yimis yobs. W,uc,m} T W) - E [(uc) Yobs’wj| _ | ¢ " Ne-10,000 + 100

) 23; ?obs . N: - 10,000
b Y N;- 10,000 + 64
- o N - 10,000 b N; - 10,000

E |:les YObS,W:| = W . YObS . & i 1 — W) - ?0 S . t >
i ‘ ¢ N.-10,000 + 100 +( 2 Y N - 10,000 + 64
=41W,+12.8 (1 - W)
\% (Y;nis YObS,W) —F {V (Yirnis YObS,W,ﬂc,,ut) Yobs,w} N (E [Y;nis YObS,W,ﬂC,ﬂt:| YObS,W)

mis ysmis
C (v, s

YObS,W, ﬂCa )ut:| 9E |:Yl1;l'lls

YObS, W7 Hes )ut:|

Yo, W)

Yobs, W) —F |:C (Ylgnis’ Y;;nis

YObSa Wa ﬂCa ﬂt)

Y W] +C (E ¥
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An Analytic Example with Six Units

Step 1 /¥
ypis
anis
ynis
ymis

Step

anis
(i
Y3ms
Y?is

Y;nis
\Y2

Mt
HMc

YObs, w) Mcs, Ui NN Ha

MHc
M
Hc

64
0]
0
0
0]
0]

0 0
100 O
0 64
0
0
0

0
0]
0]

0 0 0
0 0 0
0 0 0
100 O 0
0 64 0
0 0 00

1

Step 2(

NC)
Mt

3 : .
FOY™S 9|YPS, W) = £(Y™S5|YPS, W, 0) - p(0]Y°PS, W).

f(Ymileobs, W) "’N(*,*)

YOS, W ~ N
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/12. 8
4.1
12.8
4.1

12.8

\ 4.1/

/85.3
0
21.3

[ 0
21.3

\ 0

0
133.2
0O
0
0
33.2

21.3
0
85.3
0
21.3
0

YObS,WwN((4'1

O
33.2
0
133.2
0
33.2

12.8

21.3
0
21.3
0
85.3
0

582 0
L 0 4.6%

0

33.2 \
0

33.2
0

133.2/ )

)



An Analytic Example with Six Units

Distribution of 7 = 7(Y(0), Y(1)) ) 7(Y™S YODS 1y
The output (Y(O),Y(l)) — h(Ymis’Yobs, W) v ( 1 )N
Y oa —2-Wl-)-Yl-m‘S+NZ(2- W;—1). Yoo

i=1 =1

|
N

f(YmiS|Y0bs, W) ) f(7 |YUb5, W) Normal dist.

E [rfs YobS,W} \Y (Tfs Y"bS,W)
/Yini&‘-\ / /12.8 /85.3 0 21.3 0 21.3 0 \
yis 4.1 O 133.2 0 33.2 0 33.2
ymis || oo 12.8 21.3 0 8.3 0 21.3 0O
ypis [[YORWANIL 40 0] o 0 0O 133.2 0  33.2
yis 12.8 21,03 0 21.3 0 853 0O
\ ymis / \\21/ Vo 332 o0 332 o 133.2/))

-_‘.““.“,'.

4 = %

) BEREGT SBENEER

12, é}; ¢ :; ﬁ £ ey N
\




An Analytic Example with Six Units - Sumrly

T = 7(Y(0),Y(1))
(Y(0), Y(1)) = A(Y™S, Y°PS W),

_ T(ymis’ Yobs, W)
. <
FOY™IS|YOPS, W) mmmm f(o|YOP, W) | 76| YOO, W~ N (8.7,5.22)
= p

Step 4

Step 3/ypis 12.8 85.3 0 21.3 0 21.3 0
P Yi“ 4.1 0O 133.2 0 332 0 33.2 obs p(@) - L(O)Y°, W)
N 12.8 21.3 0 85.3 0 21.3 0 p@OIY°™, W) = F(YObs, W)
Rt y 4.1 |~ 0 0 0 133.2 0 33.2 ’
ys 12.8 21.3 0 21.3 0 85.3 0 - B
T 4.1 0 33.2 0 33.2 0 133.2 He) | yobs w ~ AS 4.1 ’ 5.8 02
i My 12.8 0O 46
Step 1 f(‘_’mis,YobﬂW, 9) f(Y'miS, YObSIW, 9) Step 2
f(leleObs’ W, 9) ™ Yobs\w._ g9 T mis yobs|W _ g)dymis
f( | ] ) fynusf(y ’ | t] ) y f
. —1 N
Yims yor; 64 0 0 0 0 0 Pr(W|Y(0), Y(1)) = (ﬁ) . for all W such that Z W; = Ny,
YZnis He O 100 0 O O ‘ i=1
R P O O 64 O O © - (Yf(O))'HN ((uc) (100 0))
an?s YObS, W, pe, ptr ~ N ;u; 0 0 o 5 ) Y N ) (o o
yous )77 0 0 0 0O 64 O (yc) MN-((O) (10,000 0 ))
ygs He 0 0 0 0 0O 100 He 0/’ 0 10,000
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Challenges in Bayesian Inference

Usually impossible to compute
analytically in close form

<+ Two key computational challenges: T
computation of the posterior distribution p(@/y) |

computation of the posterior predictive distribution p(y/y)

% Normalized and unnormalized densities
p(0, p(0)p(y|0
p(oly) — 2O:9) _ p(O)p(w1o)

p(y) p(y)

target distribution unnormalized density

< p(0)p(y0)
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Inference via Monte Carlo Simulation

<+ A distribution can be well represented by its samples

Approximation based on samples

Remark: with samples from the posterior distribution, we can do any posterior
inference we want in a numerical way!
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Significance of Sampling

» Numerical integration i.i.d. samples from p(6|y)

st
EGROI) = [ H@p©1nId8 =< ) hE").
s=1

LLN. Convergence rate = 0(%) based on CLT.

» Very many quantities of interest may be cast as expectations:

> Probabilities: P(Y € 4) = E (I (1))
b b
> Integrals: (b — a)j q(x) - i adx =(b— a)J q(x)fy(x)dx = (b — a)E(Q(U))
: 1 1
> Discrete Sums: = = ZE(a(W
;qm p;qmp E(q(w))

» Monte Carlo - approximating an expectation by the sample mean of a
function of simulated random variables. (unbiased)
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Approximation based on Simulation

The inputs Step 1 " 5 / ™, YO Wig) dy™
: FY, W|0) = F™, Y, W(9) dy™®
S,YObS,W 0 . mis
f@: %) f(y™s, yobs W, 0) q y Tb
p( ) obs . p(e) ’ f(YO Sﬂw|9)
pOIY, W) = :
‘ S(Y0S, W)
Step 2
mis | x70bs /4 f(ijSi YGbslwa 6) N f(YmiS’ YObslw’ 9)
Y IY™,W,0) = f(YobS|w, 0) N fynﬁs f(ymiS,Y"bS|W,6')dymis Repeat:
1. Impute 6

$

Step 3

. v
f(leleObs, W) = /f(Ynus, 9|Y0bs, W) do.
0

nﬂs‘obs The target Step 4
W) -
) WEREG SRR

FOY™S, 91YS, W) = £(Y™5|Y", W, 0) - p(0]Y°"S, W).

2. Impute Y™
3. Calculate t

If analytic solutions are hard to
get, we can sample by MCMC



Review: An Analytic Example with Six Unit

T = 7(Y(0),Y(1))
(Y(0), Y(1)) = A(Y™S, Y°PS W),

_ T(ymis’ Yobs, W)
. <
FOY™IS|YOPS, W) mmmm f(o|YOP, W) | 76| YOO, W~ N (8.7,5.22)
= p

Step 4

Step 3/ypis 12.8 85.3 0 21.3 0 21.3 0
P Yi“ 4.1 0O 133.2 0 332 0 33.2 obs p(@) - L(O)Y°, W)
N 12.8 21.3 0 85.3 0 21.3 0 p@OIY°™, W) = F(YObs, W)
Rt y 4.1 |~ 0 0 0 133.2 0 33.2 ’
ys 12.8 21.3 0 21.3 0 85.3 0 - B
T 4.1 0 33.2 0 33.2 0 133.2 He) | yobs w ~ AS 4.1 ’ 5.8 02
i My 12.8 0O 46
Step 1 f(‘_’mis,YobﬂW, 9) f(Y'miS, YObSIW, 9) Step 2
f(leleObs’ W, 9) ™ Yobs\w._ g9 T mis yobs|W _ g)dymis
f( | ] ) fynusf(y ’ | t] ) y f
. —1 N
Yims yor; 64 0 0 0 0 0 Pr(W|Y(0), Y(1)) = (ﬁ) . for all W such that Z W; = Ny,
YZnis He O 100 0 O O ‘ i=1
R P O O 64 O O © - (Yf(O))'HN ((uc) (100 0))
an?s YObS, W, pe, ptr ~ N ;u; 0 0 o 5 ) Y N ) (o o
yous )77 0 0 0 0O 64 O (yc) MN-((O) (10,000 0 ))
ygs He 0 0 0 0 0O 100 He 0/’ 0 10,000
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A Simulation Example with Six Units

Repeat: .
b 1 @ Yi(0) Yi(1) Wi
1. Impute 6 (up’, 1wy ’)=1(1.63,5.09).
. g 0 (6.1) 0
2. Impute Y™s (13.5) 9.9 1
ymis 509\ /64 0 0 0 0 O . s 0
/EFJ ((L6;\ (0 100 0 0 0 0\\ (139 (i% !
YRS [ o obs 5.09 0 0 6 0 0 0 o
ymis || Y7 WO~NE 3l o 0 0 100 0 o || (1-3) 249 :
/A 5.09 0 0 0 0 64 0 0) . £(OIY". W
\yimis) \\1.63/ \o 0 0o o o0 100// p@1Y*, W) = 2 )f(YE,bL W) )
3. Calculate T %(1) = 1. 2 e obs 4.1 5.82 0
P () =n ((35)- (5 42))
Sten]ng obs SY™is Yobs| W, 9) F(Y™is yobs|Ww_ 9) Step 1
FOY™S| Y W, 0) = - — 2 .
S(YOPS|W, 6) Symis S (y™I5, YOO | W, 0)dy™is 5
Yin?s oy 64 0 (0] 0 0] (0] Pr(W|Y(0), Y(1)) = (ﬁ) - s for all W such that EN: W; = Ny,
?ES o . o o o ¥:(0) u /1o o -
Yi“?s Vo Wok N ﬁ; O O O 100 0 O h (Yf(l))’a N ((ur) ( 0 64))
Y7t t 0 (0] 0 0 64 0 c 0 10,000 0
yamis ﬁc O 0O O 0 0 100 (ﬁ,) ~N ((0)( 0 10,000))
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A Simulation Example with Six Units

Table 8.5. The Average Treatment Effect Using Full Model-Based Imputations for the NSW
Program Data

Unit Potential Qutcomes
Treatment Observed Outcome

Y;(0) Yi(1) Wi ypbs ——> N R = 10,000

Panel A: First Parameter Draw (pgl), p?)) = (1.63,5.09)

1 0 (6.1) 0 0
2 (13.5) 9.9 1 9.9
3 12.4 (7.4) 0 12.4 N Ng
I .0 l 0 _ -\
4 (13.5) 3.6 1 36 | — Z 1) =7 =856, Z (Tfs _ f) _
5 0 (—4.1) 0 0 Ng Ng—1
6 (1.3) 24.9 1 24.9 r=1 r=1
Average 6.8 8.0
) 1.2

Panel B: Second Parameter Draw (12, u$?) = (6.01, 13.58)

1 0 (12.1) 0 0 For comparison, the analytic results:
2 (27.8) 9.9 1 9.9 n "

3 12.4 (19.4) 0 12.4 0DSs —

4 24 o4 1 24 5 YOO, W ~ I\ (8.7,5.22)

5 0 (8.9) 0 0

6 (7.1) 24.9 1 249

Average 8.7 13.1

P 4.5
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Bayesian Model-Based Imputation

without Covariates - super population
The 3 inputs Step 1

-1 N
Pr(W|Y(0), Y(1)) = (ﬁ) ,  forall Wsuch that Y W; =N, F(Y°™, W|9) = / ™S, YO, W9) dy™
: i=1 ye T
0), Y(1)|6
i(:;)) o p(9|Y0bS W) = p@) - f(YObsa Wi60)
’ o f(YObS,W)
Simulation: Step 2 =7(0)
(1) (1) Tsp =— Esp[Yi(l) — Y:(0)]
= ) X 1 =1(9)
(29 r=1,...,Ng}
JUPRE —— L0 c oo - //(Y(l) — ¥(0)) f(y(1), ¥(0)|6) dy(1) dy(0)
The target

-._,,.““m."" ‘ .robs
5’ ,h;(gﬁ;:i;* \ 1) N > AJ T w |
Wy BHERZESTEHEREMZER f(zl » W)




An Analytic Example with Six Units

The 3 inputs

PH(WIY(0), Y(1)) = @’t

(i)~ (1) (%))
()~ () (0" 100m))

No need to to do simulation
in this case.

-1 N
) ,  for all W such that Z W; = N,

i=1

RERFSGTSRHREMFER

Step 1

p©) - LO]Y*, W)
f(YGbS, w')

obs — 4.1 5.82 0
v wen ((35) (o ae))

Tsp — 7(0)
Tsp =— Uy — Uc

76 [ YU, W ~ A (8.7, 7.42)

p(O|Y°*, W) =

(%)

Step 2

Larger variance than finite sample
(Recall the results under Neyman’ s
approach)
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The National Supported Work Data

Unit: N = 445 men substantially oul
disadvantaged in the labor 03|
market >l
Treatment: a training program 05|
Control: no active treatment .l
Outcome: o M H s . )

0 10 20 30 40 50 60 70 80

earnings in 1978 (earn’ 78) Figure 8.1, Histogram of camings for control group — NSW job-training data
Seven covariates: o | | | | '

age, education, married, no oal
degree, black, earn’ 75, earn’ 74  °%|
Completely randomized onl
assignment: oz f]

N, = 185, N.=260 ol

% 10 20 a0 0 50 60 70 80

Figure 8.2. Histogram of earnings for trainee group — NSW job-training data
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Four Models for the NSW Data

Model 1: dependent Gaussian model without

COV%I_‘iSlteS (same variance in two groups Model 4: independent zero-inflated
(YI.( )) |Xi,‘9 ~N ((‘u C) : (gz gz) Gaussian model with covariates
i(1) y77 o o
exp (Xiyc)

Pr(Y;(0) > O|X;, W;,0) = T T oxp (Xiv D)
Model 2: independent Gaussian model P{&iYc

without covariates . Cw oo SxXp (Xiys)
Y;(O) | P N Ue O.CZ 0 Pr(Yl(l) > O|Xh W.Ia 6) - 1 + exp (let)
Y;(1) - 1)\ 0 of

In (¥;(0) |Yi(0) > 0,X;, Wi, & ~ N (Xific, 02
Model 3: independent Gaussian model with ( )

covariates In (Y;(1)) |Y:(1) > 0, X;, W;,0 ~ N (Xfﬁn 0:2)

Y;(0) L Xipc\ (e2 O
(m)) | X060 ~ N ( Xfﬁr)’(O af))
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Result Summary of the Four Models

Neyman : 1.79 (0.67)
Regression : 1.67 (0.64) (incl. covariate Hispanics)
In the finite sample, the 0.25 quant of Y(1) - the 0.25 quant of Y(0).

Table 8.6. Posterior Means and Standard Deviations for Treatment Effects under Four
Models for NSW Program Data

Effect on Quantiles

Mean Variance  Potential Two- Mean Effect 0.25quant 0.50 quant 0.75 quant

Covariate Treatment Outcome Part
Dependent Specific Independent Model Mean (S.D.) Mean (S.D.) Mean (S.D.) Mean (S.D.)

M; No No No No 1.79 (0.63) 1.79 (0.63) 1.79 (0.63) 1.79 (0.63)
M, No Yes Yes No 1.78 (0.49) 0.63 (0.35) 1.63 (0.55) 3.07 (0.64)
M, Yes Yes Yes No 1.57 (0.50) 0.42 (0.34) 1.40 (0.55) 2.89 (0.63)
M, Yes Yes Yes Yes 179 (0.85) 025 (0.30) 1.03 (0.53) 1.69 (0.72)

M4 is more realistic in this example.
BHERZZ T SHEMNZER




Details for Simulation

» Algorithms for sampling:
> M 1-3: Gibbs sampling;
> M4
- Zero-Inflated part: Independence H-M,
- Log-Normal part : Gibbs sampling;

» Implementation:

® Initials: MLE
® burn-in: the first 1/3 samples

) kLG SRR R




M () [~ (i) (2 2)).
o s ()= (C0.(4 5))

e g2 ~ Scale—Inv—y2(M,S¢), i.e.g 6 2 MS; ~ x&
e Posterior: (,uc) |02, Y°Ps W

He
YOPS.N, /o2 +v, ) w? 1 0
N./024+1/w? N./0%2+1/w?
voPSNe/o?+ve/wd |’ 0 ! ’
2 2
Nt/02+1/a)% N¢/o +1/(1)t

A 2 2
® o2 (MSS + Yw,=1 (V2% — 1) + Ty, =o(Y0P% — 1) ) | ter e, YOOS W ~ xii oy
e Fixed hyper-parameters: v, =v; =0, w, = w; =100, M =2, 5§, = 0.1
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M2 (i) [ = () (3 )
o e () (C.(% L))

e 02 L of ~ Scale—Inv—y%(M,S¢), i.e. 0;2MS§ L a7 >MS§ ~ xi

YOPS.N. /02 4V ] w? 1 0
_ Uc N./c2+1/w? N./c2+1/w?
e Posterior: ( )|GCZ,G,;2,Y°bS,W~N b e e e ¢ | :
MUt Y U:Ni/of +vi/wi 0 > >
Ni/o2+1/w? Ne/op+1/wi

o 07 (MS3 + Tt — te) ") | e e YOO W ~ i,

o 2
® o’ (MS& + Zwi=1(YiObS ra .Ut) ) | Uer e Yobs, W ~ XI%I+Nt
(ZRAF AT
e Fixed hyper-parameters: v, =v; =0, w, = w; =100, M =2, S, = 0.1
p c t 0
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Yi(0) Xife Jc'z 0
MS (Y;(l)) )XE‘O ~N ((Xiﬁr) ‘ (0 Jrz)) |

® Prior: B, L1 B; ~ N(O;wzlp)a
e 02 L of ~ Scale—Inv—y%(M,S¢), i.e. 6;2MS§ L a7 >MS§ ~ xi

e Conditional posterior:

o B.| 62 a2 YPS W X ~N ((a;zxgxc + w72L,) 02XV, (072XTX, + w—zlp)‘l)

o B, 02 a2 YPS W, X ~ N ((a;ZXIXt +w™2L) o7 2XTY,, (o72XTX, + w—zlp)'l)
(SR AAT)

o 077 (MSF + Zwmo(YO% = 2TBC)") | Bor Be YOO W, X ~ xiyan,

it 2
o O¢ : (Msg + ZWi=1(YiObS iR x'irﬂt) ) | BC! Btr YObSr WrX ~ XI%/I+Nt
(ZRAFAAT)
e Fixed hyper-parameters: w =100, M =2, S, = 0.1
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Y;(0) Xife Jc'z 0
MS (Y;(l)) )XE‘O ~N ((Xiﬁr) ‘ (0 Jrz)) |

e Additional tips: Matrix Calculation
® Full and reduced SVD (n > p): Xy 1xp = Uananp(Vpxp)T = Uy, Dpxp (Vpxp)T
® Singular values: D = diag(d,,d;, +,dy)
e Posterior variance: (0 2XTX + a)'zlp)_l
(672%d? + w2)71
=V 174
(672d3 + w‘z)_l

§ 1
e Posterior Mean: (07 2XTX + w™21,) lom2XTYy = v Uly

e Faster and more stable
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exp (Xjye)
I +expXiye)

M 4 Zero-Inflated Log-Normal (ZILN) Pr(Yi(1) > O[X;, Wi, 0) = 1?25{?1 3

Pr(Y;(0) > 0|X;. W;i.0) =

In (Y;(0)) |Yi(0) > 0.X;, Wi 0 ~ N (Xfﬁc, af) .

® Zero-Inflated Part (24 [H)3) In (Y;(1))|Yi(1) > 0,X;, W;,0 ~ N (X,-ﬁ,,af) .
e Prior: y. Ly, ~N(0,w?l,)

obs obs
Y Y

. exp(Y°"%xlyo) exp(Y°*%x]ve)
e Likelihood: L (y.) = l_[Wi=0 1+exp(xTyo) Li(ye) = HWi=1 1 +exp(x}"yt)t

e Proposal distribution: Ye~Gge=N (?C,MLE, ZCOV(?C,MLE))
Yi ~ 9t = N (P mLE, 2CoV(PeMLE))

- (r+1) - : Le(ve) - N(ve |0, w?ly) -gc(YET))l
® Accept probability: [P = = minq 1, - -
ptp Y (”C "C) { L) w10, w20y) - (v

.
a)) M . L) - N (¥i 10, w2p) - ge (")
P = = minj1, — . {
(yt Yt) { Lt(}’g )) . N(}’g )| 0, wzlp) : gt()’?)}
e Lor-Normal Part (2814 [F])9)
® Same as M3

e Fixed hyper-parameters: w =100, M =2, S, = 0.1
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Summary

» Motivation of more flexible models and plausibility leads to
Bayesian model-based imputation approach.

» Key of the theory (required):
— Parameters are random variables/vectors
~ Specification of priors
~ Inference on posteriors
» Key of implementation (not required):
— Simulation, e.g. MCMC
- valid because of LLN

) R SRR R




Reference

» Reference: [T1] Chapter 8
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Dependence between Potential Outcomes

» Given this prior, the posterior distribution of the correlation coefficient
will be identical to its prior distribution.
» The correlation coefficient is somewhat different from other parameters.

f(leS |Y0bs, w) l I Step 4f(‘€ |Y0bS, w) f(YObS, W|9) = ymlsf(ymls{ YObS, wlo) dym]s
bl Steps  pOY,w) = 2O SATWE)
f(YmiS IYObS, W) = /f(leS, O IYObS, W) do. ’ f(YObS’ W)
P h | Step 2
SOY™5,01Y°, W) = f(Y™| Y™, W, 0) - p(0] Y, W). FYOPS, W) = f p(0) - £F(YP, W|0)do
. > £
Step 1 (Y™, YOP%) — g(Y(0), Y(1), W) 1 .
i ijs’ Yobs W, 2] Ymis’ Yobs W, o =
f(leleDbS, W.0) = A f(Yobslwl’ o) ) - f mﬁ;iymjs, yobs |I‘)V, 9))dymis PT(W|Y(0), Y(l)) = (ﬁ) ’ for all W such that E Wi =N,
2
FOY0), YW, 0) — F(Y(0), Y(1), W|0) _ F(Y(0),Y(1), W|&) . f(Yi(O), Yi(1)|9) ~ N ((#c) , ( O. PO'(;ZJr))
P Pr(W|0) JF(Y(0), Y (1), W|&)dY (0)dY (1) - Uy poco; O
_ 2 2
FOY(0), Y(1), W|0) = Pr(W[Y(0), Y(1),0) - £(Y(0), Y(1)|6). p©) =pp) - p(pic; u1s0;50;)

FEL 2 g SRR E Parameters for dependence




An Example for comparison

For example, p = 1

Gian)lo~~ () (0 "65)) ()~ (@) (6% 10200))

y'mis Wi pe+ (1 — W) - ,ut) W; - 100+ (1 — W) - 64
J W, u,., ~ N , ! :
G@N fes H «ﬁ—myh+m¢; ( 80 a—m)mmmcm

. 80
Y;nlS|YObS,W,ﬂc,ﬂzNN(Wi' (ﬂc+6—4 (YObS_ﬂt)>+(1—W) (ﬂt‘l‘ﬁ (Y;pbs_ﬂc)),o>

St 1 1 N
P Pr(W|Y(0), Y(1)) = (ﬁ ) . for all W such that E W; = N,
t
. b % b i=1
Frmee, w,e) = F ol T 5 YW, 0305 g O, TDIO) ~ ((‘“) ( - """‘))
’ ynis S (Y O)dy™ 4/ ur ) \poco, o?

p@) =p(p) - p(uc, 1,02, 02)
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An Example for comparison

755 | YOPS, W ~N(8.7, 7.42 )

FOY™S|Y°Ps W) () r(;|y°bs, w) OP 4
@

. : Step 3 : .
f(leS|Y0bS, W) = -/g‘f(leS’ b2 IYObS, W) do. P f(YObS, WIO) — / | f(ynns, Yobs,w|9) dym.lS
: 4
mis obs . mis bs obs
’ o obs
Step 1 (Y‘“‘}Y""S) — £(Y(0), Y(1), W) JOP% W) Step 2
mis 5,0be SOY™is Yobs|W, ) F(Y™is [yobs| W g) -1 N
S 1Y ° »W,0) = f(Y0b5|W,9) - fymjsf(ymis, Y0b8|w, g)dymis PI'(W|Y(0)9 Y(l)) = (j:;) , for all W such that E Wi =N,
i=1
s » e ) (Y,;(O)) ' 8~ A ((uc) (100 80))
- , W|0) JS(Y(0), Y(1), W|&) . -~ g
FCY0). Y(DIW.0) = Pr(W|0) = [F(X(0),¥(1), W|O)dY(0)dY (1)’ h ¥:(1) He i 64
bl ()~ ((0)- (6% 10000))
F(Y(0), Y(1), W|8) = Pr(W|Y(0), Y(1),0) - f(Y(0), Y(1)|0). My 0/° 0 10,000
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Model-Based Imputation with Covariates

The inputs
-1 N
) ,  for all W such that Z W; =N,

i=1

f(¥i(0), Yi(1), X|0yx, 0x) = f(Yi(0), Y;i(1)[X, Oyx) - f(X|0x)

!

The target f(z |Y°bs, W)

Pr(W|Y(0), Y(1)) = (ﬂt

With covariates

p(Oy|x,0x) = p(fyx) - p(Ox)
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An Example

Similar procedure as before, but more difficult to get analytic solutions
mis | y-0bs bs Step 4
FOY™S Y, W) ) f(7|Y, W)
%

rexmisryers, wy — [ poymis, o1wers, wyap, Step 3 £ Wio) = [ ™ Y, W) ay™
yln.ls

. . = f
FOY™E, 0¥, W) = F(Y™ Y%, W, 6) - p@IY°™, W). 01y w) = 2O [, WiO)
L — P T f(YObs, W) Step 2
Step 1 (™S, YOP%) = g(Y(0), Y(1), W)
. ymis_yobs iy g ymis yobs )y g -1 N
FOY™S YD W, 0) = A f(Yobslwl,g) ) — fymjs‘;iymis, Yobsll‘;V,g))dymis Pr(W[Y(0), Y(1)) = @:) ,  forall W such that Z Wi=M,
. 2 P
FOY(0), Y(1), W|0) F(Y(0), Y(1), W|0) Yi(0), Y;(1), X|0yx, Ox) = f(Y;(0), Y;(1)|X, Oyx) - f(X|0
F(Y(0), Y(1)|W,0) = PreW(9) - ff(Y(O),Y(l),W|8)dY(O)dY(1)' h f( l( ) l( ) I YIX X) f( l( ) l( )l YlX) f( | X)

@

S(Y(0), Y(1), W|0) = Pr(W|Y(0), ¥Y(1),0) - f(¥(0), XY(1)|0).
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p(Byx,0x) = p(Oy|x) - p(Ox)
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  N t   =   185 ,   N c = 260


   H 0 :  Y i  ( 0 ) =  Y i ( 1 )


     𝜏 ^  d i f =    Y - t  o b s −    Y - c  o b s ;    V ^ → C o n f i d e n c e   I n t e r v a l


     𝜏 ^  d i f =    Y - t  o b s −    Y - c  o b s ,        V ^  N e y m a n


     𝜏 ^  o l s


   Y i  o b s = 𝛼 +  W i 𝜏 +    X → i 𝛽 + 𝜀


   𝑿 →


  𝜃 = (  𝜇 t ,    𝜇 c ,    𝜎 t 2 ,    𝜎 c 2 ) ′  


   𝜏  f s =  1 N   ∑  i = 1 N   (  Y i  ( 1 ) −  Y i  ( 0 ) ) = 𝜏 ( 𝐘  ( 0 ) , 𝐘  ( 1 ) )


   𝜏  s p =  𝔼 sp  [  Y i  ( 1 ) −  Y i  ( 0 ) ] = 𝜏 ( 𝜃 )


   𝜏  f s =  1 N   ∑  i = 1 N   (  Y i  ( 1 ) −  Y i  ( 0 ) ) = 𝜏 ( 𝐘  ( 0 ) , 𝐘  ( 1 ) )


   𝜏  s p =  𝔼 sp  [  Y i  ( 1 ) −  Y i  ( 0 ) ] = 𝜏 ( 𝜃 )


  𝜏  (  Y  m i s ,  Y  o b s , W )


  𝜏  (  Y  m i s ,  Y  o b s , W )


  𝜃 = (  𝜇 t ,    𝜇 c ,    𝜎 t 2 ,    𝜎 c 2 ) ′


  p ( 𝜃 )


  p ( d a t a   |   𝜃 )


  p ( d a t a ,   𝜃 )


  p ( 𝜃   |   d a t a )


  𝜃


  y | 𝜃   ∼   B i n ( n ,   𝜃 )  


  n


  𝜃


  [ 0 ,   1 ] .  


  𝜃  


  y


  n


  p ( 𝜃 )  


  𝜃


  𝜃   ∼   U    ( 0 ,   1 )


  p  ( 𝜃 ) =  {    1           0 ≤ 𝜃 ≤ 1   0           Otherwise


  p  ( y | 𝜃 ) =  (  n y )  𝜃 y    ( 1 − 𝜃 )  n − y ,       𝜃 ∈ [ 0 , 1 ]


  P r o b  ( b o y   b i r t h   r a t e   ≤ 0 . 5 ) <  10  − 42


  p  ( y , 𝜃 ) =  (  n y )  𝜃 y    ( 1 − 𝜃 )  n − y ,


  p  ( y ) =   ∫ 0 1   (  n y )  𝜃 y    ( 1 − 𝜃 )  n − y d 𝜃 =  1  n + 1 ,


  p  ( 𝜃 | y ) = ( n + 1 )  (  n y )  𝜃 y    ( 1 − 𝜃 )  n − y .


  p  ( 𝜃 | y ) = ( n + 1 )  (  n y )  𝜃 y    ( 1 − 𝜃 )  n − y .


  𝜃 | y   ~   ?


  B e t a ( 𝛼 , 𝛽 )


  f  ( x ) =   Γ ( 𝛼 + 𝛽 )  Γ  ( 𝛼 ) Γ ( 𝛽 )  x  𝛼 − 1    ( 1 − x )  𝛽 − 1 .


  p ( 𝜃 | y ) ∝ p  ( 𝜃 ) p ( y | 𝜃 )


  p  ( 𝜃 | y ) ∝ 1 ×  𝜃 y    ( 1 − 𝜃 )  n − y


  B e t a ( y + 1 , n − y + 1 )


                p ( y   |   𝜃 )  


        p ( 𝜃 )  


  𝜏  (  Y  m i s ,  Y  o b s , W )


  = f ( 𝜏  (  Y  m i s ,  Y  o b s , W ) |  Y  o b s , W )


  f (  𝐘  m i s ,  𝐘  o b s | 𝐖 , 𝜃 )


  f (  𝐘  m i s ,  𝐘  o b s , 𝐖 | 𝜃 )


  P ( 𝐖 )


  P ( 𝜽 )


  f (  𝐘  m i s ,  𝐘  o b s , 𝐖 | 𝜃 )


  f (  𝐘  m i s ,  𝐘  o b s | 𝐖 , 𝜃 )


  𝜃 =


  𝜏  (  Y  m i s ,  Y  o b s , W )


  = f ( 𝜏  (  Y  m i s ,  Y  o b s , W ) |  Y  o b s , W )


  =


  ~ 𝒩 ( ∗ , ∗ )


  ~ 𝒩 ( ∗ , ∗ )


  = 4 . 1    W i + 12 . 8   ( 1 −  W i )


  ~ 𝒩 ( ∗ , ∗ )


  𝜏  (  Y  m i s ,  Y  o b s , W )


  𝜏  (  Y  m i s ,  Y  o b s , W )


  E  ( h  ( 𝜃 ) | y ) =  ∫  h  ( 𝜃 ) p  ( 𝜃 | y ) d 𝜃 ≈  1 S   ∑  s = 1 S  h  (  𝜃 s ) .


  P  ( Y ∈ A ) = E  (  I   { A }  ( Y ) )


   ( b − a )   ∫ a b  q  ( x )  1  b − a d x =  ( b − a )   ∫ a b  q  ( x )  f U  ( x ) d x =  ( b − a ) E  ( q  ( U ) )


    ∑  x ∈ A  q ( x ) =  1 p   ∑  x ∈ A  q  ( x ) p =  1 p E  ( q  ( W ) )


  O (  1  √ S )


  i . i . d .


  p ( 𝜃 | y )


  f (  𝐲  m i s ,  𝐘  o b s , 𝐖 , 𝜃 )


  𝜃


   Y  m i s


  𝜏


  𝜏  (  Y  m i s ,  Y  o b s , W )


  𝜃


  Y m i s


  𝜏


  ≈


  1 . 79       ( 0 . 85 )


   (     𝜇 c    𝜇 t ) ∼ 𝒩  (  (     𝜈 c    𝜈 t ) ,  (     𝜔 c 2  0   0   𝜔 t 2 ) )


   𝜎 2 ∼ Scale−Inv−  𝜒 2  ( M ,  S 0 2   )


   𝜎  − 2 M  S 0 2 ∼  𝜒 M 2


   (     𝜇 c    𝜇 t ) |  𝜎 2 ,  𝒀 obs , 𝑾 ∼ 𝒩  (  (         Y - c obs ⋅  N c /  𝜎 2 +  𝜈 c /  𝜔 c 2   N c /  𝜎 2 + 1 /  𝜔 c 2        Y - t obs ⋅  N t /  𝜎 2 +  𝜈 t /  𝜔 t 2   N t /  𝜎 2 + 1 /  𝜔 t 2 ) ,  (     1   N c /  𝜎 2 + 1 /  𝜔 c 2  0   0   1   N t /  𝜎 2 + 1 /  𝜔 t 2 ) )


   𝜎  − 2  ( M  S 0 2 +   ∑   W i = 1     (  Y i obs −  𝜇 t ) 2 +   ∑   W i = 0     (  Y i obs −  𝜇 c ) 2 ) |     𝜇 c ,  𝜇 t ,  𝒀 obs   , 𝑾 ∼  𝜒  M + N 2


   𝜈 c =  𝜈 t = 0 ,      𝜔 c =  𝜔 t = 100 ,     M = 2 ,      S 0 = 0 . 1  


   (     𝜇 c    𝜇 t ) ∼ 𝒩  (  (     𝜈 c    𝜈 t ) ,  (     𝜔 c 2  0   0   𝜔 t 2 ) )


   𝜎 c 2 ⊥  𝜎 t 2 ∼ Scale−Inv−  𝜒 2  ( M ,  S 0 2   )


   𝜎 c  − 2 M  S 0 2 ⊥  𝜎 t  − 2 M  S 0 2 ∼  𝜒 M 2


   (     𝜇 c    𝜇 t ) |  𝜎 c 2 ,  𝜎 t 2 ,  𝒀 obs , 𝑾 ∼ 𝒩  (  (         Y - c obs ⋅  N c /  𝜎 c 2 +  𝜈 c /  𝜔 c 2   N c /  𝜎 c 2 + 1 /  𝜔 c 2        Y - t obs ⋅  N t /  𝜎 t 2 +  𝜈 t /  𝜔 t 2   N t /  𝜎 t 2 + 1 /  𝜔 t 2 ) ,  (     1   N c /  𝜎 c 2 + 1 /  𝜔 c 2  0   0   1   N t /  𝜎 t 2 + 1 /  𝜔 t 2 ) )


   𝜎 c  − 2  ( M  S 0 2 +   ∑   W i = 0     (  Y i obs −  𝜇 c ) 2 ) |     𝜇 c ,  𝜇 t ,  𝒀 obs , 𝑾 ∼  𝜒  M +  N c 2


   𝜎 t  − 2  ( M  S 0 2 +   ∑   W i = 1     (  Y i obs −  𝜇 t ) 2 ) |     𝜇 c ,  𝜇 t ,  𝒀 obs , 𝑾 ∼  𝜒  M +  N t 2


   𝜈 c =  𝜈 t = 0 ,      𝜔 c =  𝜔 t = 100 ,     M = 2 ,      S 0 = 0 . 1  


   𝜷 c ⊥  𝜷 t ∼ 𝒩  ( 𝟎 ,  𝜔 2  𝑰 p )


   𝜎 c 2 ⊥  𝜎 t 2 ∼ Scale−Inv−  𝜒 2  ( M ,  S 0 2   )


   𝜎 c  − 2 M  S 0 2 ⊥  𝜎 t  − 2 M  S 0 2 ∼  𝜒 M 2


   𝜷 c |     𝜎 c 2 ,  𝜎 t 2 ,  𝒀 obs , 𝑾 , 𝑿 ∼ 𝒩  (    (  𝜎 c  − 2  𝑿 c T  𝑿 c +  𝜔  − 2  𝑰 p )  − 1  𝜎 c  − 2  𝑿 c T  𝒀 c ,        (  𝜎 c  − 2  𝑿 c T  𝑿 c +  𝜔  − 2  𝑰 p )  − 1 )


   𝜷 t |     𝜎 c 2 ,  𝜎 t 2 ,  𝒀 obs , 𝑾 , 𝑿 ∼ 𝒩  (    (  𝜎 t  − 2  𝑿 t T  𝑿 t +  𝜔  − 2  𝑰 p )  − 1  𝜎 t  − 2  𝑿 t T  𝒀 t ,        (  𝜎 t  − 2  𝑿 t T  𝑿 t +  𝜔  − 2  𝑰 p )  − 1 )


   𝜎 c  − 2  ( M  S 0 2 +   ∑   W i = 0     (  Y i obs −  𝒙 i T  𝜷 c ) 2 ) |     𝜷 c ,  𝜷 t ,  𝒀 obs , 𝑾 , 𝑿 ∼  𝜒  M +  N c 2


   𝜎 t  − 2  ( M  S 0 2 +   ∑   W i = 1     (  Y i obs −  𝒙 i T  𝜷 t ) 2 ) |     𝜷 c ,  𝜷 t ,  𝒀 obs , 𝑾 , 𝑿 ∼  𝜒  M +  N t 2


  𝜔 = 100 ,     M = 2 ,      S 0 = 0 . 1  


  ( n > p )


   𝑿  n × p =  𝑼  n × n  𝚺  n × p     ( 𝑽  p × p ) T =    𝑼 1  n × p  𝑫  p × p     ( 𝑽  p × p ) T


  𝑫 = diag (  d 1 ,  d 2 , ⋯ ,  d p )


     (    𝜎  − 2 𝑿 T 𝑿 +  𝜔  − 2  𝑰 p )  − 1 = 𝑽  (       (    𝜎  − 2 d 1 2 +  𝜔  − 2 )  − 1      ⋱         (    𝜎  − 2 d p 2 +  𝜔  − 2 )  − 1 )  𝑽 T


     (    𝜎  − 2 𝑿 T 𝑿 +  𝜔  − 2  𝑰 p )  − 1    𝜎  − 2 𝑿 T 𝒀 =


  𝑽  (       d 1   d 1 2 +  𝜎 2  𝜔  − 2      ⋱         d p   d p 2 +  𝜎 2  𝜔  − 2 )  𝑼 1 T 𝒀


   𝜸 c ⊥  𝜸 t ∼ 𝒩  ( 𝟎 ,  𝜔 2  𝑰 p )


   L c (  𝜸 c ) =   ∏   W i = 0     exp ⁡  (  Y i obs   ∙ 𝒙 i T  𝜸 c )  1 +  exp ⁡  (  𝒙 i T  𝜸 c )


   L t (  𝜸 t ) =   ∏   W i = 1     exp ⁡  (  Y i obs   ∙ 𝒙 i T  𝜸 t )  1 +  exp ⁡  (  𝒙 i T  𝜸 t )


   𝜸 c ∗ ∼  g c = 𝒩  (    𝜸 ^  c , MLE , 2 Cov (    𝜸 ^  c , MLE ) )


   𝜸 t ∗ ∼  g t = 𝒩  (    𝜸 ^  t , MLE , 2 Cov (    𝜸 ^  c , MLE ) )


  ℙ  (  𝜸 c   ( r + 1 ) =  𝜸 c ∗ ) =  min ⁡   { 1 ,    L c (  𝜸 c ∗ )   ∙   𝒩 (  𝜸 c ∗   |   𝟎 ,       𝜔 2  𝑰 p )   ∙    g c (  𝜸 c   ( r ) )   L c (  𝜸 c   ( r ) )   ∙   𝒩 (  𝜸 c   ( r ) |   𝟎 ,       𝜔 2  𝑰 p )   ∙     g c (  𝜸 c ∗ ) }


  ℙ  (  𝜸 t   ( r + 1 ) =  𝜸 t ∗ ) =  min ⁡   { 1 ,    L t (  𝜸 t ∗ )   ∙   𝒩 (  𝜸 t ∗   |   𝟎 ,       𝜔 2  𝑰 p )   ∙    g t (  𝜸 t   ( r ) )   L t (  𝜸 t   ( r ) )   ∙   𝒩 (  𝜸 t   ( r ) |   𝟎 ,       𝜔 2  𝑰 p )   ∙     g t (  𝜸 t ∗ ) }


  𝜔 = 100 ,     M = 2 ,      S 0 = 0 . 1  


  𝜌 = 1


  𝜌 = 1
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